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ABSTRACT
This thesis explores the Maximum k-Edge-Colored problem (abbreviated as MAXkEC)
in 3 approaches: exact algorithm for some families of graph, approximation algorithm, and
inapproximability. This MAXkEC problem, given undirected graph G={V,E } and every
edge has one color among k colors. The task is to color vertices so to maximize the number
of matched edges in the graph. Matched edge is the edge that both endpoints has the same
color. The problem was proved to be NP-hard in the strong sense by [3].
First, we present an exact algorithm for some family of graphs. We give a linear time
algorithm for an unweighted tree. Also, we propose a different linear algorithm for weighted
tree. The two algorithms are different where the first one is greedy while the other is dynamic
programming algorithm. We also give a polynomial time algorithm for a partial 3-tree graph.
This would follow a ( 12 )−approximation algorithm for planar graph. This relation between a
partial 3-tree and a planar graph comes from theorem by Elmallah and Colbourn [4] where
they show that every planar graph can be divided into two disjoint partial 3-tree graph.
49 )−approximation algorithm for MAXkEC. Thus we improve
Second, we present a ( 144
7 ). We use the
the apprxoimation factor obtained by Kononov and Ageev [1] which was ( 23
same Linear Programming relaxation but different algorithm.
Third, we give first inapproximability result for this MAXkEC. We show that it is
98
NP-hard to approximate within 100 + 𝜖 for 𝜖 > 0. We use linear preserving reduction from
maximum 3-satisfability problem. This will follow that MAXkEC ∈/ PTAS.
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Chapter 1
Introduction

Suppose given you two Roman numerals 𝐶𝐿𝑋𝑋𝑋𝐼𝑋 and 𝐶𝑋𝑋𝑉 , and the task is to
multiply these two numbers. It would take a long time to compute the multiplication by
hand. But it would take a very short time if given you instead 189 and 125. This is what
Al-Khwarizmi did in his book more than 1000 years ago which he translated the Hindu nu
merals and gave methods for adding, subtracting, multiplying and dividing. Both numerals
are for the same purpose except that they differ in the efficiency of time-consuming compu
tation. These two methods are examples of two algorithms. In the past a term ’algorithm’
could mean ’method’ or ’technique’, later people take the term ’algorithm’ as an honor to
Al-Khwarizmi. The algorithm is a way to solve a problem by several steps. After the revolu
tion of computer, there are many problems that is needed to be computed. Therefore, there
was a need for designing algorithms for those problems that computer need to compute. It
turns out that there are problems that have an algorithm but its running time is inefficient.
People in the beginning of 70s try to design an algorithm for these kind of problem but
with no success. Eventually, these optimization problems are in class called NP-hard. But
before the work on classifying these problems, there were people who designed a polynomial
algorithm that gives an answer close to optimum. For example: Graham in 1966, he de
signed an algorithm to compute the minimum makespan scheduling problem that gives an
answer at most twice from the optimal [9]. These algorithms are called "Approximation
Algorithm". After the discovering of NP-completeness, it becomes natural to design an
approximation algorithm for any NP-hard optimization problem. Approximation Algorithm
lies at the heart of designing an algorithm for any NP-hard optimization problem. Still the
story will not end happy, it turns out that there are some problems that is NP-hard to ap
proximate for any factor. For example, Traveling Salesman Problem. Eventually, there are
many problems in different classes where each class has its strength in terms of the ability
to approximate to some factor.
Maximum k-Edge-Colored problem is an example of an NP-hard optimization prob
lem. In this thesis, throughout the chapters, we presents some results regarding this problem.
In this Chapter, we give basic and general definition in section 1.1 that we need in this thesis.
In section 1.2, we survey the previous results of MAXkEC problem. All exact efficient al
gorithm for unweighted tree, weighted tree, and partial k-tree graph with fixed k are given in
Chapter 2. In Chapter ??, a new approximation algorithm for MAXkEC is given. In Chap
ter ?? Inapproximability results is given with some definition of approximation algorithm
classes. Lastly, Chapter ?? gives an overview of some open problem for this MAXkEC.
1.1. Basic Definition

Here in this section, main definition are given in a brief statements, while the reader
is expected to be familiar with algorithms, complexity, graph theory and probability theory.
The reader suggested to read it quickly and back to it when he needs it. We give definition of
graph theory, algorithm, the running time of an algorithm, NP-hard optimization problem,
approximation algorithm, Linear Programming, and definition of MAXkEC problem.
A graph G consists of two sets: V and E, written as G = {𝑉, 𝐸}. The membership of
4

V and E are called vertices and edges, respectively. An edge is written as e = (u, v) where
u, v ∈ V. A v ∈ V is an incident with an edge e if v ∈ e. The two vertices (u, v) = e

incident with an edge are its endpoints. A simple graph is a graph that doesn’t have loops or
multiple edges. Throughout this thesis, we consider a simple undirected graph. Two vertices
u and v are adjacent if they have an edge. If all vertices of G are adjacent to each other,
then this graph is called complete, denoted by 𝐾 𝑛, where 𝑛 = |𝑉 |. A graph that doesn’t
have any cycle is called acyclic. An acyclic graph and all vertices are connected is called
tree. A graph that has collection of tress is called forest. Let 𝐸(𝑣) be the the set of all edges
at a vertex v. The degree of a vertex v, denote by deg(v) is the number of edges at v, i.e.,
𝑑𝑒𝑔(𝑣) = |𝐸(𝑣)|. Given 𝑉 ′ ⊆ 𝑉 and 𝐸 ′ ⊆ 𝐸 , then 𝐺′ is a subgraph of G, i.e., 𝐺′ ⊆ 𝐺. If
𝐺 ∩ 𝐺′ = 𝜑, then 𝐺 and 𝐺′ are disjoint. A graph is called plane if it can be drawn in such
a way that no two edges meet in a point other than a common end. If plane graph is drawn
in an 2-dimensional, then it is called planar. The reader can find more about Graph theory
in [6].
Definition 1 (Algorithm). An algorithm A takes an input x for a problem Π and produces
output y, written as A(x)=y. An algorithm is correct if and only if it halts (stops) for all
inputs and return a correct solution. In this case, the algorithm A solves problem Π.

A problem may have one or many algorithms, each algorithm have a running time. So,
running time is the time that algorithm needs to compute in order to return an answer. An
algorithm A has a running time that is a function 𝑓 of the size of the input. That is, it grows
with the size of the input of the algorithm A, i.e., A halts after at most 𝑐 * 𝑓 (|𝑥|) running
time, where c is non-negative integer and |.| denote the length of x in bits. The running
time usually measured by so-called Big O-notation or Asymptotic Upper Bound, if we have
function ℎ(|𝑥|) = 𝑂(𝑓 (|𝑥|)), then ℎ(|𝑥|) is bounded above by 𝑓 (|𝑥|). Thus, 𝑂(𝑓 (|𝑥|)) = {
for some two constants 𝑐 and 𝑚 : ℎ(|𝑥|) ≤ 𝑐 * 𝑓 (|𝑥|) for |𝑥| > 𝑚}. An algorithm A has a
polynomial time running time if it runs in 𝑂(𝑛𝑘 ) where n is the size of input and 𝑘 ≥ 1
is fixed (not depend on n). Note that when 𝑘 = 1, then this is called Linear running
time algorithm. It is fact that a polynomial time algorithm also known as "efficient"
algorithm. This is on the opposite of ’inefficient’ algorithm that has a running time which
grows exponential in the size of the input. An inefficient algorithms are impractical in real
life, i.e., it runs for millions of years before an algorithm returns an answer.
Note that since running time is measured by the size of input in bits, there is a polyno
mial transformation from |𝑉 | and |𝐸| and the encoding in bits for graph problem. Therefore
when we analyse the running time, we consider |V| and |E| as the size of input, refer to
[17][Chapter 22] for more about the representation of graph in a computer.
In the literature, there are two types of problems: decision and optimization problem.
A decision problem is a problem that its task ask for ’yes’ or ’no’ answer, whereas an
optimization problem is a problem that asks for an optimal solution among all feasible
solutions. There is no possible way to deal with decision problem except designing an
exact algorithm, i.e., an approximation algorithm applies only to hard optimization problem.
Moreover, there exists an exact efficient algorithm for some easy optimization problem1 such
as Maximum Matching problem.
Note that a hard problem in decision version is NP-complete, whereas a hard problem
in optimization problem is NP-hard. Given an oracle that solves NP-complete problem in
polynomial time, it is possible to solve the optimization version of that problem by using
self-reducibility technique, refer to [18][Appendix A.5].

1 Note that an easy problem corresponds to an existence of an efficient algorithm, whereas a hard
problem corresponds to non-existence of an efficient algorithm, at least so far.

5

A problem is NP-hard if we cannot find an exact algorithm that finds an optimal
solution for all inputs in running time that is polynomial in the size of the input. It is fact
that many optimization problems are proved to be NP-hard. A problem Π1 is NP-hard if
there is a reduction from a NP-hard optimization problem to Π1. Let a number problem is
a problem that has a constant that is not bounded above by the size of the input. If number
problem is NP-hard, then it is called NP-hard in the weak sense, otherwise it is called
NP-hard in the strong sense, refer to [8] for basic of NP-completeness. Next, we define
formally class of optimization problems.
Definition 2 (NPO).

An NP optimization problem, denoted by NPO Π, has the following Π = (I, Sol(x), Obj(x,y), type):
∙ I is the set of inputs of Π. For 𝑥 ∈ I, 𝑥 can be recognized in polynomial time.
∙ for 𝑥 ∈ I, there exits 𝑆𝑜𝑙(𝑥) which denotes the set of feasible solutions of 𝑥. For each
feasible solution 𝑦 ∈ 𝑆𝑜𝑙(𝑥), 𝑦 is polynomial over the size of 𝑥.
∙ given 𝑥 ∈ I and 𝑦 Sol(x), then define 𝑂𝑏𝑗(𝑥, 𝑦) to be non-negative value that denotes
the value of 𝑦 given input 𝑥.
∙ type∈ {Maximize, Minimize}.

Note that the definition do not require that we must have "NP-hard" optimization prob
lem. However, in the area of approximation algorithm, researchers design an approximation
algorithm for only an optimization problem that are NP-hard. Hence the name NPO.
Definition 3 (Approximation Algorithm).

Given an NPO problem Π = (I, Sol(x), Obj(x,y), type) an approximation algorithm A is an
algorithm that given an input 𝑥 ∈ 𝐼 , it returns a feasible solution 𝑦 ∈ 𝑆𝑜𝑙(𝑥). An A runs in
polynomial-time if the running time is polynomial over the size of 𝑥, in this case A is called
a polynomial time approximation algorithm.

An NPO problem Π = (I, Sol(x), Obj(x,y), type), has an approximation algorithm A,
has an approximation ratio2 denoted by 𝜌Π. It is fact that for type=Maximize, the
𝜌Π = [0, 1] whereas for type=Minimize, the 𝜌Π = [1, ∞). Denote the optimal value of NPO
problem as 𝑂𝑃 𝑇Π(𝑥). Note that when a 𝜌 = 1, then this an equivalent to an exact algorithm.
Refer to [18] for an excellent textbook about Approximation Algorithm.
We introduce now an important tool in optimization problems, i.e., Linear Program
ming. Linear Programming is a problem of optimizing a linear function subject to linear
inequality constraints. The linear function is called objective function. A linear program
ming consists of a (𝑚 x 𝑛) matrix A and column vectors b ∈ R𝑚 and c ∈ R𝑛. Our task is to
find a column vector 𝑥 ∈ R𝑛 such that Ax ≤ b is satisfied and c𝑇 x is maximum (or Ax ≥ b
is satisfied and c𝑇 x is minimum), decide that {x ∈ R𝑛 : Ax ≤ b} is empty, or decide that
for all y ∈ R there is an x ∈ R𝑛 with Ax ≤ b and c𝑇 x > y. When the objective function is
empty, it is called infeasible and when there is no feasible solution, it is called unbounded.
A feasible solution of an LP is a vector 𝑥 with 𝐴𝑥 ≤ 𝑏. The feasible solution that reach
the maximum is called optimum solution.
2

also known as approximation factor, both terms are used in this thesis
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(а ) Matched Edge

(б ) Unmatched Edge

Figure 1.1. This is an example of a matched edge. A matched edge is the edge where both endpoints
have the same color.

Let a𝑖𝑗 is the entries in A for 𝑖th row and 𝑗 th column such that 𝑖 = 1, 2, ..., 𝑚 and
and let c = 𝑐1, 𝑐2, ..., 𝑐𝑛 and b = 𝑏1, 𝑏2, ..., 𝑏𝑚, then we want to find real
numbers of variable x = 𝑥1, 𝑥2, ..., 𝑥𝑛. Now, we can formulate the LP in the standard form
as following
𝑛
∑︁
maximize
𝑐𝑗 𝑥 𝑗

𝑗 = 1, 2, ..., 𝑛

𝑗∈1

subject to

𝑛
∑︁

𝑎𝑖𝑗 𝑥𝑗 ≤ 𝑏𝑖

for𝑖 = 1, 2, ..., 𝑚

𝑗∈1

for𝑗 = 1, 2, ..., 𝑛
LP can be solved in polynomial time using ellipsoid algorithm while it is also can be
solved by Simplex Algorithm in exponential time but good in practice. If we restrict all
variables 𝑥𝑗 to integer values, i.e., {0, 1}, then we get Integer Linear Program (ILP). It
is proved NP-hard to find a feasible solution to ILP. Many NPO problems can be formulated
as ILP. The linear relaxation of ILP is a LP instance. Thus, in case of minimization problem,
solving LP gives us a lower bound for the ILP, i.e., 𝑂𝑃 𝑇𝐿𝑃 ≤ 𝑂𝑃 𝑇𝐼𝐿𝑃 . This is because the
domain for all variables 𝑥𝑗 is bigger in LP than in ILP. The same for maximization problem,
solving LP gives an upper bound for the ILP, i.e., 𝑂𝑃 𝑇𝐿𝑃 ≥ 𝑂𝑃 𝑇𝐼𝐿𝑃 . In this thesis, we use
this technique to find the approximation ration in Chapter ??. There are many textbooks
about Linear Programming, definition here is taken from [17][Chapter 29] and [18][Chapter
12].
Definition 4 (MAXkEC Problem ).
𝑥𝑗 ≥ 0

Input: Given a simple undirected graph G = {V, E}. For e ∈ 𝐸 , let c(e) be the color of
edge e, then ∀e ∈ E there exists c(e)=i such that i = {1, 2, ..., 𝑘}.
Task: let 𝜓 be a color of vertex v. ∀v ∈ V, then assign 𝜓(𝑣) = 𝑖 such that i = {1, 2, ..., 𝑘}

in order to maximize the number of matched edge. A matched edge is an edge that both its
endpoints have same color, i.e., 𝜓(𝑣) = 𝜓(𝑢) = 𝑐(𝑒) = 𝑖 for some i and 𝑒 = (𝑢, 𝑣).

Throughout the thesis, let MAXkEC problem be the abbreviation of Maximum k-Edge
Colored problem. See Figure 1.1 for example of matched and unmatched edge. Note that in
[2], MAXkEC is named as Maximum k-Colored Clustering (MAXkCC ).
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1.2. Previous Results

This MAXkEC problem has been introduced first in [2]3 and they show that this
problem is NP-complete in the strong sense. They show a reduction from MAX2SAT
(maximum 2-satsifibility) to the problem. The reduction was on bipartite graph and for
k=3 and chromatic degree of the graph 2. This follows that it is NP-complete in general
graph.
They also show that MAXkEC problem is the same as of Maximum Independent Set
(MIS) in special graph using Line graph and modifying the resulting graph by removing
edges that have the same color of endpoints. In this case, the resulting graph is coloring on
vertices but not neccessrily optimal coloring. Thus, Theorem 3.2 in [12] states that given
any coloring of G, finding MIS can be computed in 𝑘2 -approximation algorithm. Clearly for
𝑘 ≤ 𝑛 − 1, it is not constant ratio. Let 𝐺1 be the line graph that is constructed from 𝐺. Let
𝐺2 be the graph that is constructed from 𝐺1 by removing edges that have the same color.
If we use the fact that MIS on line graph can be computed in polynomial time, then we get
factor of 𝑂( 𝑛1 ) and the tight example would be a star graph where all edges have the same
color. Thus shows that even though MIS can be found in polynomial time in line graph 𝐺1,
it is still cannot help us to find MIS in constructed graph from line graph 𝐺2, even for a
constant factor.

Figure 1.2. This is an example that gives maximum gap between optimal of ILP and LP [1]. By
ILP it gives 𝑂𝑃 𝑇𝐼𝐿𝑃 = 1, whereas by LP it gives 𝑂𝑃 𝑇𝐿𝑃 = 23 . Thus, the integrality gap is 23 .

In the same paper, they gave a randomized constant factor approximation algorithm
for MAXkEC problem with an expected approximation ratio ( 𝑒1 = 0.135). Their technique
is to formulate the problem to ILP. Then, by relaxing the variables and using randomized
rounding, they got the approximation factor. The ILP is given in section ?? since in this
thesis we use the same ILP. The integrality gap of the LP-relax is 23 , see Fig 1.2. This shows
that there is a possible way to improve the approximation ratio using the same LP. In 2015,
Ageev and Kononov [1] studied the problem and gave two results. First, they gave a better
analysis of the same algorithm of [2]. So, they improve the ratio from 𝑒1 = 0.135 to 0.25. In
[5], they gave a different algorithm than [2], but the analysis of their algorithm can be also
applied to the algorithm in [2] and therefore they improve the analysis of algorithm in [2].
Their second result was a 237 -approximation algorithm with different idea. Their idea was
to classify vertices into heavy and light, and edges into small and big. Then, they design
two separate algorithms, one take all big edges into solution and remove it from graph and
the remaining edges is left with the same procedure as in first algorithm in the paper. The
second algorithm removes big edges from graph and the remaining edges is left with the
same procedure as in first algorithm, refer to the paper [1] for complete analysis. In this
2

2

3

The paper appears in a journal in 2016, [3].
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thesis, we improve the upper bound of this thesis and give first lower bound, see Fig 1.3 for
overview of previous and new results.

Figure 1.3. Overview of previous results of MAXkEC problem and our results. An approximation
49
98
factor of 144
is given in Chapter ??, whereas an inapproximability of 100
is given in Chapter ??.
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Chapter 2
Exact Algorithm For MAXkEC over some family of
graphs

Here we present some exact polynomial time algorithms for weighted, unweighted tree
and weighted partial 3-tree graph. For tree graph, it turns out that weighted is not easy as
unweighted. So, we had to design different algorithm for both weighted and unweighted tree.
In section 2.1, we will give a greedy algorithm, easy to grasp. Whereas in section ?? I will
give a dynamic programming algorithm. We point out that a polynomial-time algorithm for
partial 3-tree graph could be designed based on the weighted tree aglrotthm. Moreover, we
call a very old theorem by Elmallah and Colbourn [7] which they show that every planar
graph can be divided into 2 disjoint partial 3-tree graphs. Thus, it follows that we have a
factor ( 12 )-approximation algorithm for this planar graph.

2.1. Algorithm For Unweighted Tree

We are given an undirected tree 𝑇

= (𝑉, 𝐸).

Each edge 𝑒 ∈ 𝐸 has a color denoted by

c(e). 𝑐(𝑒) ∈ {𝐶1 , 𝐶2 , ..., 𝐶𝑘 } where k is the number of colors in a graph. In the algorithm

we choose an arbitrary1 vertex 𝑟 ∈ 𝑉 as root. Then we will orient all edges such that 𝑇𝑟 is
an out-tree.
For each directed edge (𝑢, 𝑣) ∈ 𝑇𝑟 , we call vertex 𝑢 a parent of 𝑣 and vertex 𝑣 a child
of 𝑢. Each vertex v except a root has exactly one parent in 𝑇𝑟 ; this is because of property
of tree graph. The vertex which doesn’t have any child is called a ’leaf’ node. We denote by
𝑇𝑣 a subtree of 𝑇𝑟 which is an out-tree with root v, i.e. 𝑇𝑣 ⊆ 𝑇𝑟 .
Let 𝑁 (𝑣) be a set of all children of v. We use the following notation in the description
of the algorithm: The algorithm assigns colors to vertices moving from leaves nodes to the
root. We color a vertex v if all of its children are already received their colors. Since c(e)
denotes a color of edge 𝑒, let 𝑐(𝑣) = 𝑖. This means that vertex v gets color 𝐶𝑖. Initially, all
nodes are set to zero, i.e. 𝑐(𝑣) = 0, ∀𝑣 ∈ 𝑉 . Let 𝑣𝑎𝑙𝑢𝑒(𝑣) be the number of all edges matched
in subtree 𝑇𝑣 . See the procedure of algorithm in Algorithm ??. See an example in Fig ??.

1

It is fact that among community ’arbitrary’ denote choosing with non-random process
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Algorithm 1 Unweighted Tree Algorithm
1: Choose an arbitrary pivot r ∈ V and create an Out-Tree Tr.
2: For all v ∈ V, set 𝜓(𝑣) := 0 and value(v) := 0

3: For each leaf node 𝑣, set 𝑐(𝑣) := 𝑐(𝑒), where e is outgoing edge from v.
4: while all 𝑣 ∈ 𝑉 is not colored do
5: Take any 𝑢 ∈ 𝑉 such that 𝑐(𝑠) > 0, ∀𝑠 ∈ 𝑁 (𝑢).
6: Let 𝐶1, 𝐶2 , ..., 𝐶𝑙 be the colors of edges incident to u and let 𝐶𝑗 be the color of the

outgoing edge.
For each color 𝐶𝑖 ∈ {𝐶1, 𝐶2, ..., 𝐶𝑙 }, we calculate the number of incoming matched
edges when we assign vertex u with color 𝐶𝑖 to v. Denote this value by income(Ci).
8: Set 𝑎 = max𝑖=1,2,...,𝑙 { income(𝐶𝑖 ) } and denote a = income(𝐶𝑞 ) for some q ∈
7:

{1, 2, ..., 𝑙}

9: if a > 𝑖𝑛𝑐𝑜𝑚𝑒(𝐶𝑗 ) then ∑︀
10:
𝜓(𝑢) = 𝑞 and 𝑣𝑎𝑙𝑢𝑒(𝑢) := 𝑠∈𝑁 (𝑢) 𝑣𝑎𝑙𝑢𝑒(𝑠) + a
11: else
∑︀
12:
𝜓(𝑣) := 𝑗 and 𝑣𝑎𝑙𝑢𝑒(𝑢) := 𝑠∈𝑁 (𝑢) 𝑣𝑎𝑙𝑢𝑒(𝑠) + income(𝐶𝑗 ).
13: end if
14: end while
15: Output 𝜓(𝑣) ∀𝑣 ∈ 𝑉 and 𝑣𝑎𝑙𝑢𝑒(𝑟).
2.1.1. Analysis

In this section, we prove that the algorithm is correct. Observe that the running time
is 𝑂(|𝑉 |) in the worst case. This is because first for-loop will classify vertices between leaf
or non-leaf. This step takes |𝑉 |. Second, while-loop will take also at most |𝑉 | − 2; because
the upper bound of number of non-leaf vertices are all vertices of graph except two vertices.
So, the running time of this algorithm is: 2|𝑉 | = 𝑂(|𝑉 |). The proof is by induction.
Idea of proof: We want to show that coloring of Algorithm ?? is optimal. In order to
show that, we assume that there is an optimal coloring is given, then by Algorithm ?? we
show that it gives the same optimal coloring.
Let us consider an arbitrary assignment 𝜓 of color 𝑖 such that 𝑖 ∈ {𝐶1, 𝐶2, ...., 𝐶𝑘 } to
vertices of T. Let the assignment 𝜌 attained by Algorithm 1. Consider an optimal assignment
𝜓 * containing as many good vertices as possible, let the number of matched edge equal to
𝑠. Good vertex is the vertex that have the same color in both assignment 𝜌 and 𝜓 * . Basis
Step. All leaves of T should be good, i.e. they have the same color as their outgoing edge,
so both assignment 𝜓 and 𝜓* have the same assignment to leaves. Otherwise, we recolor
them and get a contradiction by either v gets not optimal value of matched edge or v gets a
color that reduces the number of good vertices in 𝜓*. Induction Hypothesis. Let 𝑣 be a
vertex that have different colors in assignments 𝜓* and 𝜌 such that all vertices in 𝑇𝑣 except
𝑣 are good vertices.
Induction Step. Let us assign a color 𝜌(𝑣) to vertex v in solution 𝜓* . Let e be
the outgoing edge of v. If 𝜌(𝑣) = 𝑐(𝑒), then according to steps 5-12 of Algorithm 1,
we have income(𝜌(𝑣))≥ max𝑖=1,2,...,𝑙 {income(𝐶𝑖)}. It follows that a new solution has at
least 𝑠 matched edges and we get contradiction with optimality or maximum number of
matched edge. If 𝜌(𝑣) ̸= 𝑐(𝑒), then according to step 8-12 of the Algorithm ??, we have
income(𝜌(𝑣))≥ max𝑖=1,2,...,𝑙 {income(𝐶𝑖)} and income(𝜓(𝑣)) > income(𝑐(𝑒)).
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Note that this algorithm cannot be applied to weighted case. The reason is that this
algorithm look at all incident edges of vertex v. And choose the maximum among them
regardless how the parent of v will choose in next iteration of the while-loop. However, in
the weighted case, when we assign a color to a vertex 𝑣, then maximum weight among all
edges is not enough to have optimal. For example, see the counter example in Fig ??. Thus,
in order to design an algorithm for weighted case, we need to keep information of some color
in vertex before we decide the final color of this vertex. This is exactly why we need some
space to keep information about some of its color about all vertices. This leads to the idea
of dynamic programming technique, which we do in next section.

(а )

(б )

(в )

(г )

Figure 2.1. This is an example of unweighted tree algorithm. (a) We are a given instance and
the algorithm choose one of the vertices to be the root vertex. (b) It is clear that before we enter
the while-loop, the leaf nodes gets color of its incident edges (i.e. 𝑐(𝑣) = non-negative integer and
their values =0. (c) The algorithm will enter the while loop to choose any vertex such that the
information about its children is known and gets its values. (d) The while-loop will run till all
vertices gets color, the last vertex will take color is the root vertex, it is clear that the maximum
matching in this instance is 11.

Figure 2.2. This is a counter example that the idea of Algorithm ?? cannot applied here. The
solution of this instance of graph is 21 by the algorithm, whereas the optimal is 31.
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2.2. Algorithm For Weighted Tree
Algorithm 2 Weighted Tree Algorithm
1: Stage I:
2: Choose an arbitrary pivot r ∈ 𝑉 and create an Out-Tree Tr.
3: For all v ∈ V, set 𝜓0(𝑣) := 0, 𝜓1 (𝑣) := 0, 𝑣𝑎𝑙𝑢𝑒0(𝑣) := 0, and 𝑣𝑎𝑙𝑢𝑒1 (𝑣) := 0.
4: For each leaf node v, set 𝜓0 (𝑣) := 𝑐(𝑒) and C1(s) := c(e) where e=(v,s) is the an
outgoing edge of v for some s ∈ V.
5: while all 𝑣 ∈ 𝑉 is not colored do

Take any 𝑢 ∈ 𝑉 such that 𝜓0(𝑠) > 0 for all 𝑠 ∈ 𝑁 (𝑢).
Let 𝐶1, 𝐶2, ..., 𝐶𝑙 be the colors of edges incident to u and let 𝐶𝑗 be the color of the
outgoing edge.
8: For each color 𝐶𝑖 , we set

6:
7:

income(Ci ) =

∑︁
s∈N(u)Ni(u)

value1 (s) +

∑︁

max{value0 (𝑠) + w((s,u)), value1 (𝑠)}

s∈Ni (𝑢)

Set 𝑣𝑎𝑙𝑢𝑒1(𝑢) = max𝑖=1,2,...,𝑙 {incomoe(Ci)} and let
some q.
10: Set 𝑣𝑎𝑙𝑢𝑒0(𝑢) = 𝑖𝑛𝑐𝑜𝑚𝑒(𝐶𝑗 ).
11: Set 𝜓1(𝑣) = 𝑞 and 𝜓0 (𝑣) = 𝑗
9:

12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

𝑣𝑎𝑙𝑢𝑒1 (𝑢) = 𝑖𝑛𝑐𝑜𝑚𝑒(𝐶𝑞 )

for

end while

Output 𝑣𝑎𝑙𝑢𝑒1(𝑟).

Stage II:

𝜓(𝑟) := 𝜓1 (𝑟)

for v ∈ V, denote p(v) be the parent of v.
while v ∈ V is not colored do
Take any u ∈ V such that its parent p(u) is colored.

if c(p(u)) = c( (u,p(u)) ) AND value0 (u) + w( (u,p(u)) ) > value1 (u) then
𝜓(𝑢) := 𝜓0 (u)
else
𝜓(𝑢) := 𝜓1 (u)
end if
end while

In this section, we give a dynamic programming algorithm for weighted tree MAXkEC
problem. As for unweighted case, the algorithm assigns colors to vertices moving from leaves
nodes to the root. However, in weighted case, Algorithm ?? keeps two possible colors for
each vertex.
Let value0(v) be the maximum weight of matched edges in subtree Tv when we color v
with outgoing color and let value1(v) be the maximum weight of matched edges in subtree
Tv when color of v is not outgoing color .
Let Ni(v) be a set of childs such that s ∈ Ni(v) if e=(s,v) has color 𝑐𝑖.
2.2.1. Analysis

We first analyse the running time. Note that each vertex in graph have four variables,
namely 𝑣𝑎𝑙𝑢𝑒0(𝑣), 𝑣𝑎𝑙𝑢𝑒1(𝑣), 𝐶0(𝑣), and 𝐶1(𝑣). Thus, the space complexity of this algorithm
is 4|𝑉 | = 𝑂(|𝑉 |). In Stage I, Observe that in step 3 and 4, it takes at most |𝑉 | to initialize
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all vertices of graph. In while-loop, it stops when it takes 2 colors, namely 𝐶0 and 𝐶1. In
this case, the algorithm in the while-loop takes each vertex and checks for all its children if
their information is known or not, namely 𝑣𝑎𝑙𝑢𝑒0(𝑣) and 𝑣𝑎𝑙𝑢𝑒1(𝑣). This step depends on the
degree of vertex. Thus, 𝑑𝑒𝑔(𝑣) ≤ |𝑉 |−1. In step 8, for each child of u, the algorithm computes
the maximum between 𝑣𝑎𝑙𝑢𝑒0(𝑢) and 𝑣𝑎𝑙𝑢𝑒1(𝑢). This takes 2(𝑑𝑒𝑔(𝑣) − 1) in the worst case.
The left steps of while-loop takes 𝑂(1) time. It is clear that the running time of Stage I
is 𝑂(|𝑉 |2). In Stage 2, it is clear that the while-loop starts from root and goes down until
all verticees takes its color. Each step in the while-loop check for two conditions and apply
one of two choice. Thus, the if-condition take 𝑂(1) time, the while-loop takes 𝑂(|𝑉 |) time.
Thus, the running time of algorithm of the algorithm is max{𝑂(|𝑉 |), 𝑂(|𝑉 |2)} = 𝑂(|𝑉 |2).
We prove the correctness of Algorithm ?? by mathematical induction. we take first
Stage I, then we take Stage II. Basis Step. It is clear with one edge and two endpoints
with such a weight 𝑤′ > 0 and color 𝑐′ > 0. Then the algorithm in the first stage choose one
vertex to be the root and colors it with 𝑐′. The stage II, colors its child with same color.
We divide the proof into two stages as algorithm does. Stage I assigns two colors to
each vertex and Stage II assigns one color to each vertex. First,Stage I: Inductive hy
pothesis. Suppose we are given a maximum matching for all vertices except 𝑣𝑥 which has
a color 𝑐(𝑣𝑥) = 𝑗 . We show that by algorithm, this cannot happen; this would follow that
the algorithm always gives optimal maximum matching for all vertices. Inductive Step.
Let 𝑠1, 𝑠2, ...., 𝑠𝑚 be a children of 𝑣𝑥. Each vertex 𝑠𝑖, ∀𝑖 ∈ {1, 2, ..., 𝑚} is a leaf or non-leaf
node. Assume w.l.o.g. that all leaf nodes have colors corresponding to their incident edges.
Since 𝑢 ∈ 𝑉 {𝑣𝑥} is assigned to a color that gives optimal maximum matching. Suppose
𝑐(𝑣𝑥 ) = 𝑗 such that 𝑗 ∈ {1, 2, ..., 𝑟} where 𝑟 ≤ 𝑘 is number of color in vertex 𝑣𝑥 . Since
𝑐(𝑣𝑥 ) is not optimal by inductive hypothesis; therefore there exists a color denote it by 𝑠
such that 𝑠 ∈ {1, 2, ..., 𝑟}{𝑗} it gives optimal maximum matching. By the algorithm,
income(𝐶𝑠) > income(𝐶𝑖)∀𝑖 = {1, 2, ..., 𝑟}{𝑠}. Thus, the algorithm assigned color 𝑠 to
vertex 𝑣𝑥. Thus, we show that given the assumption, we cannot have color 𝑗 to vertex 𝑣𝑥.
This is a contradiction; therefore the algorithm always gives optimal maximum matching
weight for every vertex.
In the Stage II : Inductive hypothesis. We are given a graph where each vertex has
two colors. Assume that all vertices is assigned with their optimal color except a non-leaf
vertex 𝑣𝑦 that doesn’t have optimal color. We show by induction that the algorithm cannot
have such a case and it contradict the fact that algorithm assigns colors to get maximum
matching.
Induction Step. The while-loop in the Step II takes first root vertex and start
from top-level to bottom-level. Let 𝑠1, 𝑠2, ...., 𝑠𝑚 be a children of 𝑥𝑦 . Each vertex 𝑠𝑖, ∀𝑖 ∈
{1, 2, ..., 𝑚} is a leaf or non-leaf node. Assume w.l.o.g. that all leaf nodes have colors
corresponding to their incident edges. Denote 𝐶0 and 𝐶1 the two colors of vertex 𝑥𝑦 . Since all
vertices is assigned with color gives optimal maximum matching, except 𝑥𝑦 . Let 𝑐(𝑥𝑦 ) = 𝐶0.
Then, by assumption, this color doesn’t give maximum matching; therefore the only way that
𝑥𝑦 has optimum maximum matching is to assign to 𝐶1 . The algorithm, in the if-condition
ensures that it assigns color to 𝐶1 if the 𝑖𝑛𝑐𝑜𝑚𝑒(𝐶1) > 𝑖𝑛𝑐𝑜𝑚𝑒(𝐶0) and otherwise 𝐶0.
Thus, the algorithm always ensures to return the optimal color between two colors. So, the
assumption contradict the fact that algorithm returns a correct answer.
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2.3. Algorithm for Partial k-Tree graph

In this section, we give a polynomial time algorithm for weighted partial 3-tree prob
lem. The idea is similar to weighted tree algorithm. We present a dynamic programming
algorithm to solve this problem. But the running time is not polynomial if k is not fixed as
we will see later. The algorithm has two main stages, one stage is to return maximum value
of matched edge, whereas the other stage color all vertices of the graph.
Definition 5 (k-Tree). [7]

k-Tree is a graph that starts with clique of size Kk+1 and for any new vertex, we add k
neighbors to this graph. This graph is a maximal graph of tree width k. So, adding one edge

to the k-tree graph, results an increase in the width of the tree decomposition.

Definition 6 (Partial k-Tree).

Partial k-Tree is a subgraph of k-tree or subgraph of tree decomposition with 𝑤𝑖𝑑𝑡ℎ ≤ 𝑘 .

Theorem 1 ([7]).

Let G be a planar graph. Then E can be partitioned into 𝐸1 and 𝐸2 such that 𝐺[𝐸1 ] and
𝐺[𝐸2 ] are partial 3-trees consisting of disjoint unions of trees and IO-graphs.

we show the algorithm for partial 2-tree and it can be generalized for general case for
fixed k. Thus, for partial 3-tree, it can be solved in polynomial time. The proof of this
theorem is omitted and can be found in the paper.
The algorithm first draw an edge of zero weight with any color to make the graph a
maximal tree decomposition of width 2, resulting a 2-tree instance. We choose an arbitrary
clique of size 3, i.e., Kk+1 denoted by ∆𝑟 . The algorithm construct a tree starting from the
root ∆𝑟 such that a child of ∆𝑖 for some 𝑖 is the one that have a common edge between
them. Let 𝑇𝛿 be the resulting tree. Before the algorithm goes to while-loop, it takes all
leaves nodes and compute its table. In the while-loop, the algorithm takes ∆𝑖 for some 𝑖
that all information about its children is known and computes its table taken into account
information about all its children. The algorithm continues in the while-loop until computes
the table for the root vertex. Then, the algorithm returns the maximum value in the root
vertex to be the optimum value. In Stage II, the algorithm starts with root vertex. It colors
all root vertex. Then, it enters the while-loop, for each iteration it takes a ∆𝑖 for some 𝑖 such
that all vertices of its parent is colored. Let 𝐴𝑁 𝐺[∆, 𝑐1, 𝑐2, 𝑐3] be the entry for maximum
weight given ∆ ∈ 𝑇Δ and ∀𝑐1, 𝑐2, 𝑐3 ∈ 𝐶 .
2.4. Analysis

In Stage I, first, observe that step 2 takes 𝑂( 𝑛2 ) in worst case. Step 3 takes 𝑛3 ; this
is because for k=2, the algorithm(︀ enumerate
all cliques of size 3. Step 4 takes 𝑂(𝑛). Step
)︀
6 take 𝑂(𝑛). 7-17 steps take 𝑂( 𝑛3 .𝑘3); this is because for all cliques in tree, we compute
the(︀ table
for leaves vertices. Computing the table takes 𝑂(𝑘3). Stage II, 19-24 steps take
)︀
𝑂( 𝑛3 .𝑘 3 ); since the algorithm takes all cliques in the worst case and looking at each entries
of the table to find the maximum. Thus, MAXkEC can be computed in polynomial time for
(︀ )︀
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(︀ )︀

partial 2-tree. The algorithm can be easily generlized for any k, but the running time grows
quickly as k grows.
Algorithm 3 Algorithm for Partial 2-tree
1: Stage I:
2: Let G’ = {adding any zero-weight edge to G is a maximal edge of tree decomposition
of size at most 2}.

3:
4:
5:
6:

7:
8:
9:
10:
11:
12:
13:
14:
15:

Compute number of cliques in 𝐺′. Let ∆1, ∆2, ..., ∆𝑡 be the all cliques in 𝐺′.
Enumerate all vertices in G’ by 𝑣1, 𝑣2, ..., 𝑣𝑛.
Choose an arbitrary pivot ∆𝑟 ∈ V.
Build up a tree for all cliques of G’. Given ∆𝑖, a child of ∆𝑖 is the one that has a common
edge with ∆𝑗 for 𝑖 ̸= 𝑗 . Start with ∆𝑟 and stop when all cliques of 𝐺′ are in in tree.
Denote this tree by 𝑇Δ.
∀∆𝑣 ∈ 𝑇Δ

if 𝑑𝑒𝑔(∆𝑣 ) = 1 then

compute their table as following: ANG[∆𝑣 , 𝑐𝑣 , 𝑐𝑤 , 𝑐𝑧 ]] for all 𝑐𝑎, 𝑐𝑏, 𝑐𝑧 ∈ 𝐶 .

else

ANG[∆𝑣 , 𝑐𝑣 , 𝑐𝑤 , 𝑐𝑧 ]] = 0 for all 𝑐𝑎 , 𝑐𝑏 , 𝑐𝑧 ∈ 𝐶 .

end if
while ANG[∆𝑟 , 𝑐𝑣 , 𝑐𝑤 , 𝑐𝑧 ] = 0 do

Choose an arbitrary ∆𝑢 ∈ 𝑇Δ such that ANG[∆𝑣 , 𝑐𝑣 , 𝑐𝑤 , 𝑐𝑧 ]] ̸= 0 for all 𝑐𝑎, 𝑐𝑏, 𝑐𝑧 ∈ 𝐶 .
such that 𝑢 ̸= 𝑤, then compute their table as following

∀𝑣, 𝑤 ∈ ∆𝑢

ANG[∆𝑢 , 𝑐𝑣 , 𝑣𝑤 , 𝑐𝑧 ] = 𝑤(𝑒(𝑣, 𝑤))
+

∑︁
Δ𝑣 ∈𝑁 (Δ𝑢 ):𝑣,𝑤∈Δ𝑣

+

∑︁
Δ𝑣 ∈𝑁 (Δ𝑢 ):𝑣,𝑧∈Δ𝑣

+

∑︁
Δ𝑣 ∈𝑁 (Δ𝑢 ):𝑤,𝑧∈Δ𝑣

16:
17:
18:
19:
20:
21:
22:

max
{ ANG[∆𝑣 , 𝑐𝑣 , 𝑐𝑤 , 𝑐* ] }
*
𝑐 ∈𝐶

max { 𝐴𝑁 𝐺[∆𝑣 , 𝑐𝑣 , 𝑐*1 , 𝑐*2 ] }

𝑐*1 ,𝑐*2 ∈𝐶

max { 𝐴𝑁 𝐺[∆𝑣 , 𝑐𝑤 , 𝑐*1 , 𝑐*2 ] }

𝑐*1 ,𝑐*2 ∈𝐶

end while

Output max𝑐 ,𝑐 ,𝑐 ∈𝐶 { ANG[∆𝑟 , 𝑐1, 𝑐2, 𝑐3] }.
Stage II:

1

2

3

Color

𝑣, 𝑤, 𝑧 ∈ ∆𝑣 with 𝑐′1 , 𝑐′2 , 𝑐′3 such that max𝑐1 ,𝑐2 ,𝑐3 ∈𝐶 { ANG[∆𝑟 , 𝑐1 , 𝑐2 , 𝑐3 ] } =
𝐴𝑁 𝐺[∆𝑣 , 𝑐′1 , 𝑐′2 , 𝑐′3 ].
while ∀𝑣 ∈ 𝑉 , 𝜓(𝑣) = 0 do
Choose an arbitrary ∆𝑢 ∈ 𝑇Δ such that 𝑣, 𝑤, 𝑧 ∈ ∆𝑢 is colored, i.e.,
𝜓(𝑣), 𝜓(𝑤), 𝜓(𝑧) ̸= 0.
Assume that 𝑐1, 𝑐2 ∈ 𝐶 such that 𝜓(𝑣) = 𝑐1 and 𝜓(𝑤) = 𝑐2, for ∆𝑣 ∈ 𝑁 (𝛿𝑢), then
denote max𝑐*∈𝐶 {𝐴𝑁 𝐺[𝛿𝑣 , 𝑐1, 𝑐1, 𝑐*]} = ANG[∆𝑣 , 𝑐1, 𝑐2, 𝑐**], then 𝜓(𝑞) = 𝑐** such that
𝑞 ∈ ∆𝑣 {𝑣, 𝑤}.

23: end while
24: output 𝜓(𝑣), ∀𝑣 ∈ 𝑉 .
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Chapter 3
An Improved Approximation Algorithm for MAXkEC

In this chapter, we present an approximation algorithm that outperforms the last best
approximation factor for this problem. First, we present the Linear Programming in section
??. Then in section ??, we present the main idea of the algorithm including the algorithm. In
section ??, we present the analysis of the algorithm. The analysis have several lemmas, some
of them has a long proof. Finally, at the end of section ??, we present the approximation
ratio in Theorem ??.
3.1. Linear Programming

Refer to section 1.1 for brief introduction about Linear Programming. This Integer
Linear Programming (ILP) has been used in two papers [2] and [1]. In this ILP, we
introduce two variables, one for vertices and one for edges. The first variable xvc to be 1 if
vertex v is colored with color c, for all v ∈ V and c ∈ C. The second variable zvu to be 1
if xvc and xuc equal 1, otherwise equal 0. Thus, the ILP of MAXkEC is:
maximize
subject to

∑︁

𝑤𝑒 𝑧𝑒

𝑒∈𝐸

𝑧𝑒 ≤ 𝑥𝑣𝑐(𝑒)
𝑧∑︁
𝑒 ≤ 𝑥𝑢𝑐(𝑒)
𝑥𝑣𝑐 = 1,

∀𝑒 = [𝑣, 𝑢] ∈ 𝐸
∀𝑒 = [𝑣, 𝑢] ∈ 𝐸
∀𝑣 ∈ 𝑉

𝑐∈𝐶

𝑥𝑣𝑐 , 𝑧𝑒 ∈ {0, 1},∀𝑣 ∈ 𝑉, 𝑐 ∈ 𝐶, 𝑒 ∈ 𝐸

Because ILP cannot be solved in polynomial time, therefore we relax the variable to
be between [0,1]. This procedure called: Linear Programming relaxation (LP-relax).
The LP-relax is just LP, so we can solve it using any algorithm of LP. It is known that LP
gives us an upper bound for ILP (see section 1.1). In this case, OPTILP ≤ OPTLP. This
implies that OPTLP ≤ 𝛼OPTILP where 𝛼 is between [0,1]. Now, we will use this inequality
in the theorem ?? while the values of 𝑧𝑒* will be used in the algorithm.
3.2. Algorithm

The algorithm has two stages. The first stage is for-loop over all colors and the algorithm
will choose the edges that have value greater than r, where r is the random value between
[0,1]. On the second stage, for each vertex independently, the algorithm randomly selects
one color with some probabilistic distribution. The distribution depends on the solution of
LP and the set of colors assigned to this vertex at the first stage.
Let 𝐶𝑣 be a set of colors assigned to a vertex v at the first stage of the algorithm.
We say that a color 𝑐 ∈ 𝐶𝑣 is heavy if 𝑥*𝑣𝑐 > 12 , otherwise a color is light. We note that
each vertex has at most one heavy color. We say that a vertex v is heavy if it has a heavy
color. We call a vertex v is light if it has no heavy color. We note that at the Stage I of
the algorithm, each vertex takes higher probability to be colored in heavy color than to be
colored in light color.
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So, we ask the question: What if we increase the probability of vertices to be colored
in the light color at the second stage so that we give kind of balance probabilities between
light and heavy colors? In this algorithm we answer this question, we take two colors: one

is light and the other is heavy. We increase the probability of light color and decrease the
probability of heavy color to be assigned to the vertex v. If we have more than two colors, we
apply the same stage of the paper [1], i.e. color each color in vertex v with equal probability.
By this idea, we improve the approximation factor. Although, it looks that the algorithm
contradicts the intuition understanding of the LP. Because the intuition from LP, it says
that if we have big value for vertex v with color c, then it is more likely that this vertex v
would be color with this color c. But, since there is no proof for this statement and we are
not able to prove it, we try to come up with this idea which works well and gives us a better
factor.
Algorithm 4 Approximation Algorithm
1: Solve the LP and let 𝑧𝑒* be the values of variables 𝑧𝑒 .
2: Stage I :
3: for for each color 𝑐 ∈ 𝐶 do
4: Let r be a random value in [0,1].
5: Choose the c-colored edges e with z*e > r
6: end for
7: Stage II :
8: if max𝑖∈𝐶 {𝑥𝑣𝑖 ≤ 12 } then
9: Denote the number of colors in v as m colors. Then assign randomly one of them to
v, each color with probability m1 .

10: end if
11: if max𝑖∈𝐶 {𝑥𝑣𝑖 > 21 } then
12: if vertex v have only two colors then
13:
Denote the light color as c1 and heavy color as c2 in vertex v.
14:
assign the light color: 23
15:
assign the heavy color: 13
16: else
17:
Denote the number of colors in v as m. Then assign randomly one of them to v,

each color with probability m1

18: end if
19: end if

3.3. Analysis

In this section, we analyse the algorithm. In order to do that, we first define two events
for both stages in Definition ??. Next, we give three basic lemmas ??, ??, and ??. For ??,
we assign probability to each edge e. In ??, we assign probability to each vertex v. For ??,
an upper bound for probabilities of all colors in vertex v. For lemmas ??, ??, and ??, we
prove the probability for a vertex v to be colored with color c if it is heavy, light, or all colors
are light, respectively. For ??, we prove the probability for edge to be colored in Stage II.
Lastly, Theorem ?? is given in the last of this section.

Definition 7. Let 𝑋𝑣𝑖 denote the event where vertex v takes color c after Stage I of the
algorithm. Let 𝑌𝑣𝑖 denote the event where vertex v is colored with c after Stage II of the
algorithm. Let 𝜇(𝑣, 𝑐) = max𝑐∈𝐶 𝑃 𝑟[𝑋𝑣𝑖 ].
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Lemma 1 ([1], Lemma 1). . For any edge e ∈ E, the probability that e is chosen in Stage
I is z*e

It is possible that a vertex v, the incident edges don’t be chosen, i.e., all its values z*e
is less than r. In this case, vertex v doesn’t get any color. Therefore, the probability that
an edge to be chosen is determined by z*e.
Lemma 2 ([1], lemma 2). . ∀𝑣 ∈ 𝑉 , then
Proof.

𝑃 𝑟[𝑋𝑣𝑖 ] =

(3.1)

{𝑧𝑒´* }

max

{∀𝑢∈𝑉 such that 𝑒´=[𝑣,𝑢]∈𝐸 and 𝑐(𝑣,𝑢)=𝑖}

Since there might be more than one edge with the same color. 𝑃 𝑟[𝑋𝑣𝑖] will take the
maximum value of 𝑧𝑒* such that this edge e will pass Stage I depending on the variable z*e.
This variable z*e is determined by the LP.
∑︀
Lemma 3 ([1], lemma 3). ∀v ∈ V, c∈C 𝑃 𝑟[Xvc ] ≤ 1.
Proof. For any color c ∈ C, let e(c) be the c-colored edge which incident to vertex v, and
suppose that 𝑧𝑒 is∑︀maximal value among
all other∑︀edges. Thus, from Lemma ??, 𝑃 𝑟[𝑋𝑣𝑐] =
∑︀
*
z*e(c) . Therefore, c∈C 𝑃 𝑟[Xvc ] = 𝑐∈𝐶 𝑧𝑒(𝑐)
≤ 𝑐∈𝐶 𝑥*𝑣𝑐 = 1. The inequality follows from
the property of LP-relaxation.
Proof.

Lemma 4. Assume that vertex v takes color c in Part I of the algorithm, If c is heavy, then

𝑃 𝑟[𝑌𝑣𝑐 ] ≥ 23 .

Proof. The probability that a vertex v is colored with a color c depends on how many
additional colors in vertex v. Assume that vertex v has t additional colors. So, total
number of color in the vertex v is t+1; because c is not consider as an additional color.
Now, we will estimate the probability that the vertex v takes the color c. By the law of
total probability:
𝑃 𝑟[𝑌𝑣𝑐 ] ≥

𝑡
𝑡
∏︁
∏︁
1 ∑︁
(1 − 𝑃 𝑟[𝑋𝑣𝑖 ]) +
𝑃 𝑟[𝑋𝑣𝑖 ]
(1 − 𝑃 𝑟[𝑋𝑣´𝑖 ])
3
𝑖=1
𝑖=1
´ ´
𝑖=1,𝑖̸=𝑖

𝑡
𝑡
∏︁
1 ∑︁ ∑︁
𝑃 𝑟[𝑋𝑣𝑖 ]𝑃 𝑟[𝑋𝑣𝑗 ]
(1 − 𝑃 𝑟[𝑋𝑣´𝑖 ])
+
3 𝑖=1 𝑗=1,𝑖̸=𝑗
´ ´ ´
𝑖=1,𝑖̸=𝑖,𝑖̸=𝑗

the first term in the right-hand-size (RHS) is the probability that vertex v is colored with
color c and no additional color is chosen. The second term in the RHS is the probability
that v is colored with color c under the condition that there are one additional color in v.
Note that 13 is the probability that v takes color c, given that v has one light color. The
third term in the RHS is the probability that v is colored with color c under the condition
that there are two additional colors in v.
Let 𝑃 𝑟[𝑋𝑣𝑖] = 𝑋𝑖. Denote the RHS as function of variables 𝑋1, 𝑋2, ..., 𝑋𝑡. We want to
find the lower bound on function 𝑓𝑣𝑐.
𝑓𝑣𝑐 =

𝑡
∏︁
𝑖=1

(1 − 𝑋𝑖 ) +

𝑡
𝑡
𝑡
∏︁
∏︁
1 ∑︁
1 ∑︁ ∑︁
𝑋𝑖
(1 − 𝑋´𝑖 ) +
𝑋𝑖 𝑋 𝑗
(1 − 𝑋´𝑖 )
3 𝑖=1
3
𝑖=1 𝑗=1,𝑖̸=𝑗
´ ´
´ ´ ´
𝑖=1,𝑖̸=𝑖

𝑖=1,𝑖̸=𝑖,𝑖̸=𝑗
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Take out two variables from summation and product,
𝑓𝑣𝑐 = (1 − 𝑋1 )(1 − 𝑋2 )

𝑡
∏︁
∏︁
1
(1 − 𝑋𝑖 ) + 𝑋1 (1 − 𝑋2 )
(1 − 𝑋´𝑖 )
3
𝑖=3
´ ´
𝑖=3,𝑖̸=𝑖

𝑡
∏︁
∑︁
∏︁
1
1
+ 𝑋2 (1 − 𝑋1 )
(1 − 𝑋´𝑖 ) + (1 − 𝑋1 )(1 − 𝑋2 )
𝑋𝑖
(1 − 𝑋´𝑖
3
3
𝑖=3
´ ´
´ ´ ´
𝑖=3,𝑖̸=𝑖,𝑖̸=𝑗

𝑖=3,𝑖̸=𝑖

𝑡
𝑡
∏︁
∑︁
∏︁
1
1
+ 𝑋1 𝑋2 (1 − 𝑋𝑖 ) + 𝑋1 (1 − 𝑋2 )
𝑋𝑖
(1 − 𝑋´𝑖 )
3
3
𝑖=3
𝑖=3
´ ´
𝑖=3,𝑖̸=𝑖

𝑡
𝑡
𝑡
𝑡
𝑡
∑︁
∑︁
∏︁
∑︁
∏︁
1
1
𝑋𝑖
(1 − 𝑋´𝑖 ) + (1 − 𝑋1 )(1 − 𝑋2 )
+ 𝑋2 (1 − 𝑋1 )
𝑋𝑖 𝑋𝑗
(1 − 𝑋´𝑖 )
3
3
𝑖=3
𝑖=3 𝑗=3,𝑖̸=𝑗
´ ´
´ ´ ´
𝑖=3,𝑖̸=𝑖

𝑖=3,𝑖̸=𝑖,𝑖̸=𝑗

Let A, B, and C be the following and substitute it from equation above
𝐴=

𝑡
∏︁
(1 − 𝑋𝑖 ),
𝑖=3

𝐵=

𝑡
∑︁
𝑖=3

𝐶=

𝑋𝑖

𝑡
∏︁

(1 − 𝑋´𝑖 ),

and

´𝑖=3,´𝑖̸=𝑖

𝑡
𝑡
∑︁
∑︁

𝑋𝑖 𝑋𝑗

𝑖=3 𝑗=3,𝑖̸=𝑗

𝑡
∏︁

(1 − 𝑋´𝑖 )

´𝑖=3,´𝑖̸=𝑖,´𝑖̸=𝑗

1
1
𝑓𝑣𝑐 = (1 − 𝑋1 )(1 − 𝑋2 )𝐴 + 𝑋1 (1 − 𝑋2 )𝐴 + 𝑋2 (1 − 𝑋1 )𝐴
3
3
1
1
1
+ (1 − 𝑋1 )(1 − 𝑋2 )𝐵 + 𝑋1 𝑋2 𝐴 + 𝑋1 (1 − 𝑋2 )𝐵
3
3
3
1
1
+ 𝑋2 (1 − 𝑋1 )𝐵 + (1 − 𝑋1 )(1 − 𝑋2 )𝐶
3
3

After multiply all terms together, we have the following
2
2
1
1 1
1
1
𝑓𝑣𝑐 = (1 − 𝑋1 − 𝑋2 )𝐴 + ( )𝐵 + ( − 𝑋2 − 𝑋1 )𝐶 + 𝑋1 𝑋2 (2𝐴 − 𝐵 + 𝐶)
3
3
3
3 3
3
3

We fix all variables except 𝑋1 and 𝑋2. Let 𝑋1 + 𝑋2 = Γ. If we increase 𝑋1 and
decrease 𝑋2 by a constant 𝛿 > 0, then the first three terms remains the same; because it is a
constant. For the 4th term, by Claim ??, if (2𝐴 − 𝐵 + 𝐶) ≥ 0, then this term is non-negative
decreasing. First, we prove that 2𝐴 − 𝐵 + 𝐶 ≥ 0.
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(3.2)

2𝐴 − 𝐵 + 𝐶 ≥ 2𝐴 − 𝐵
𝑡
𝑡
𝑡
∏︁
∑︁
∏︁
= 2 (1 − 𝑋𝑖 ) −
𝑋𝑖
(1 − 𝑋´𝑖 )
𝑖=3

=

𝑡
∏︁

𝑖=3

(1 − 𝑋𝑖 )(2 −

𝑖=3

≥

𝑋´𝑖
)
1 − 𝑋𝑖

´𝑖=3
𝑡
∑︁

𝑡
∏︁
(1 − 𝑋𝑖 )(2 − 2
𝑖=3

≥

𝑡
∑︁

(3.3)

´𝑖=3,´𝑖̸=𝑖

𝑋´𝑖 )

(3.4)
(3.5)

´𝑖=3

𝑡
∏︁
(1 − 𝑋𝑖 )(2 − 2) ≥ 0

(3.6)

𝑖=3

The first inequality follows because C is sum and product of event probabilities so it is
always non-negative. The second inequality follows from the fact that 1 − 𝑋𝑖 ≥ 1/2; this is
because
𝑋𝑖 is light vertex for 𝑖 = 1, 2, ..., 𝑡. The third inequality follows from the fact that
∑︀
𝑖=3 𝑋𝑖 ≤ 1.
It follows that 𝑓𝑣𝑐 reaches minimum on the values 𝑋1 = Γ and 𝑋𝑖 = 0∀𝑖 = {1, 2, ..., 𝑡}.
Thus, 𝐴 = 0, 𝐵 = 0, 𝐶 = 0. Since v is heavy, we have 𝑋1 = Γ ≤ 12 . After substitution we
have 𝑃 𝑟[𝑌𝑣𝑐] ≥ (1 − 32 ( 12 ) − 0)(1) = 32
Claim 1. Let be there two non-negative variables 𝑌1 and 𝑌2 , given that 𝑌1 ≥ 𝑌2 . Suppose we
increase 𝑌1 by 𝛿 and decrease 𝑌2 by 𝛿 . Then, the function 𝑔 = (𝑌1 +𝛿)(𝑌2 −𝛿) is non-negative
decreasing.
Proof.
𝑔 = (𝑌1 + 𝛿)(𝑌2 − 𝛿) = 𝑌1 𝑌2 + 𝛿(𝑌2 − 𝑌1 ) − 𝛿 2

Since 𝑌1 ≥ 𝑌2, then the second and third term are always negative. Thus, first term will be
the only positive. Let ℎ(𝛿) = 𝛿(𝑌2 − 𝑌1) − 𝛿2. Then 𝑔 = 𝑌1𝑌2 + ℎ(𝛿). Thus, it is clear that
if we increase 𝛿, then the function ℎ is big value of negative value, thus would follow that
function 𝑔 decreases to small value if 𝛿 is big.
Lemma 5. Assume that a heavy vertex v takes color c in Stage I of the algorithm. If c is
light, then 𝑃 𝑟[𝑌𝑣𝑐 ] ≥ 58 .

The probability that vertex v is colored with color c depends on how many additional
colors in vertex v. Assume that vertex v has t additional colors. So, total number of color
in vertex v is t+1; because c is not consider as additional color. Now, we estimate the
probability that vertex v takes color c, w.l.o.g. we may assume that color 1 is heavy. By

Proof.
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the law of total probability:
𝑃 𝑟[𝑌𝑣𝑐 ] ≥

𝑡
𝑡
∏︁
∏︁
2
(1 − 𝑃 𝑟[𝑋𝑣𝑖 ]) + 𝑃 𝑟[𝑋𝑣1 ] (1 − 𝑃 𝑟[𝑋𝑣𝑖 ])
3
𝑖=1
𝑖=1

𝑡
𝑡
∑︁
∏︁
1
+ (1 − 𝑃 𝑟[𝑋𝑣1 ])
𝑃 𝑟[𝑋𝑣𝑖 ]
(1 − 𝑃 𝑟[𝑋𝑣𝑗 ])
2
𝑖=1
𝑗=1,𝑗̸=𝑖

the first term in the RHS is the probability that vertex v is colored with color c and no
additional color is chosen. The second term in the RHS is the probability that v is colored
with color c under the condition that one heavy additional color in v and this is why we
multiply heavy color in v with 23 . The third term in the RHS is the probability that v is
colored with color c under the condition that one light additional color in v. Since color c in
v is light vertex, then for additional color that is light, we have equal probability to assign
each of them in v. We exclude the remaining terms with more than 3 additional colors, since
probability to assign for more additional colors goes to 0 as t goes bigger.
Let 𝑃 𝑟[𝑋𝑣𝑖] = 𝑋𝑖. Denote the RHS by function of variables 𝑋1, 𝑋2, ..., 𝑋𝑡. We want to
find the lower bound on function 𝑓𝑣𝑐.
𝑓𝑣𝑐 =

𝑡
𝑡
∏︁
2 ∏︁
(1 − 𝑋𝑖 ) + 𝑋1 (1 − 𝑋𝑖 )
3
𝑖=1
𝑖=2

𝑡
𝑡
∑︁
∏︁
1
𝑋𝑖
(1 − 𝑋𝑗 )
+ (1 − 𝑋1 )
2
𝑖=2
𝑗=1,𝑗̸=𝑖

Take out two variables 𝑋1 and 𝑋2
𝑓𝑣𝑐 = (1 − 𝑋1 )(1 − 𝑋2 )

𝑡
𝑡
∏︁
∏︁
2
(1 − 𝑋𝑖 ) + 𝑋1 (1 − 𝑋2 ) (1 − 𝑋𝑖 )
3
𝑖=3
𝑖=3

𝑡
∏︁
1
+ 𝑋2 (1 − 𝑋1 ) (1 − 𝑋𝑖 )
2
𝑖=3
𝑡
𝑡
∑︁
∏︁
1
+ (1 − 𝑋1 )(1 − 𝑋2 )
𝑋𝑖
(1 − 𝑋𝑗 )
2
𝑖=3
𝑗=3,𝑗̸=𝑖

Denote the following:
𝐴=

𝑡
∏︁
(1 − 𝑋𝑖 ), and
𝑖=3

𝐵=

𝑡
∑︁
𝑖=3

𝑋𝑖

𝑡
∏︁
𝑗=3,𝑗̸=𝑖
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(1 − 𝑋𝑗 )

By substitute of A and B, we have the following
2
𝑓𝑣𝑐 = (1 − 𝑋1 )(1 − 𝑋2 )𝐴 + 𝑋1 (1 − 𝑋2 )𝐴
3
1
1
+ 𝑋2 (1 − 𝑋1 )𝐴 + (1 − 𝑋1 )(1 − 𝑋2 )𝐵
2
2

After multiplying the terms with each other, we get
1 1
1
1
1 1
1
1
𝑓𝑣𝑐 = ( − 𝑋1 − 𝑋2 + 𝑋1 𝑋2 )𝐴 + ( − 𝑋1 − 𝑋2 − 𝑋1 𝑋2 )𝐵
3 3
2
6
2 6
6
6

(3.7)

We note that 𝑓𝑣𝑐 reaches a minimum when 𝑋1 = 21 .
Now, substitute 𝑋1 by 12 . Thus, we have
1 1 1
1
1 1
1 1 1
1
1 1
𝑓𝑣𝑐 ≥ ( − ( ) − 𝑋2 + ( )𝑋2 )𝐴 + ( − ( ) − 𝑋2 − ( )𝑋2 )𝐵
3 3 2
2
6 2
2 6 2
6
6 2
5
5
5
1
1
5
5
1
= 𝐴 − 𝑋2 𝐴 + 𝐵 − 𝑋2 𝐵 = (1 − 𝑋2 ) 𝐴 + ( − 𝑋2 )𝐵
6
12
12
4
2
6
12 4

Now, we substitute A and B by their values, then we take one variable out from the summa
tion and product. We do this because with one variable, we cannot tell how this function
behave. So, we want to take one variable out, i.e., 𝑋3 and substitute it by 𝑋2 later in order
to get optimal point for 𝑋2.
𝑡
∏︁
1
5
𝑓𝑣𝑐 = (1 − 𝑋2 ) (1 − 𝑋𝑖 )
6
2
𝑖=3

+(

𝑡
𝑡
∑︁
∏︁
5
1
− 𝑋2 )
𝑋𝑖
(1 − 𝑋𝑗 )
12 4
𝑖=3
𝑗=3,𝑗̸=𝑖

Take variable 𝑋3 out from the summation and product
𝑡
∏︁
5
1
𝑓𝑣𝑐 = (1 − 𝑋2 )(1 − 𝑋3 ) (1 − 𝑋𝑖 )
6
2
𝑖=4

+(

𝑡
∏︁
5
1
− 𝑋2 )𝑋3 (1 − 𝑋𝑖 )
12 4
𝑖=4

+(

𝑡
𝑡
∑︁
∏︁
5
1
− 𝑋2 )(1 − 𝑋3 )
𝑋𝑖
(1 − 𝑋𝑗 )
12 4
𝑖=4
𝑗=4,𝑗̸=𝑖
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Denote the following
𝐴´ =
´=
𝐵

𝑡
∏︁
(1 − 𝑋𝑖 ),
𝑖=4
𝑡
∑︁
𝑖=4

𝑋𝑖

𝑡
∏︁

and
(1 − 𝑋𝑗 )

𝑗=4,𝑗̸=𝑖

Thus, we have
1
5
1
5
1
5
´
𝑓𝑣𝑐 ≥ (1 − 𝑋2 )(1 − 𝑋3 )𝐴´ + ( − 𝑋2 )𝑋3 𝐴´ + ( − 𝑋2 )(1 − 𝑋3 )𝐵
6
2
12 4
12 4
5
1
5
1
≥ (1 − 𝑋2 )(1 − 𝑋3 )𝐴´ + ( − 𝑋2 )𝑋3 𝐴´
6
2
12 4
1
1
5
1
5
= (1 − 𝑋2 − 𝑋3 + 𝑋2 𝑋3 ) 𝐴´ + ( 𝑋3 − 𝑋2 𝑋3 )𝐴´
2
2
6
12
4
5
5
5
1
= ( − 𝑋2 − 𝑋3 + 𝑋2 𝑋3 )𝐴´ = h
6 12
12
6

Let 𝑋2 + 𝑋3 = Γ ≤ 12 . By Claim ??, it implies that h reaches a minimum on the values
5
𝑋2 = Γ ≤ 21 and 𝑋𝑖 = 0, ∀𝑖 ∈ {3, 4, ..., 𝑡}. It follows that 𝐴´ = 1 and 𝑓𝑣𝑐 ≥ ℎ = 56 − 12
Γ>
5
5 1
5
−
(
)
=
6
12 2
8
Lemma 6 ([1], Lemma 4(c)). Assume that vertex v takes color c in Part I of the algorithm.
If 𝜇(𝑣, 𝑐) ≤ 21 , then 𝑃 𝑟[𝑌𝑣𝑐 ] ≥

7
12

Note that this lemma was in [1] where it was used in the second algorithm where
they use it to get the probability to color heavy vertex, given light vertices. In my thesis, I
use this lemma to get the probability to color v with light color, given that all colors in v
are light colors. To be exact, this lemma is for the analysis of first if-condition in Part II of
the algorithm. The proof of this lemma is as follows.
The probability that vertex v is colored with color c depends on how many additional
colors in vertex v. Assume that vertex v has t additional colors. So, total number of color
in vertex v is t+1; because c is not consider as additional color. Now, we will estimate the
probability that vertex v takes color c. By the law of total probability:
Proof.

𝑃 𝑟[𝑌𝑣𝑐 ] ≥

𝑡
𝑡
∏︁
∏︁
1 ∑︁
𝑃 𝑟[𝑋𝑣𝑖 ]
(1 − 𝑃 𝑟[𝑋𝑣´𝑖 ])
(1 − 𝑃 𝑟[𝑋𝑣𝑖 ]) +
2 𝑖=1
𝑖=1
´ ´
𝑖=1,𝑖̸=𝑖

𝑡
𝑡
∏︁
1 ∑︁ ∑︁
+
𝑃 𝑟[𝑋𝑣𝑖 ]𝑃 𝑟[𝑋𝑣𝑗 ]
(1 − 𝑃 𝑟[𝑋𝑣´𝑖 ])
3 𝑖=1 𝑗=1,𝑖̸=𝑗
´ ´ ´
𝑖=1,𝑖̸=𝑖,𝑖̸=𝑗

the first term in the RHS is the probability that vertex v is colored with color c and no
additional color is chosen. The second term in the RHS is the probability that v is colored
with color c under the condition that there is one additional color in v. Thus, the total
number of color is |𝐶| = 𝑡 + 1 = 1 + 1 = 2 and each color has equal probability. The third
term in the RHS is the probability that v is colored with color c under the condition that
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there are two additional colors in v. Thus, the total number of color is |𝐶| = 𝑡+1 = 2+1 = 3
and each color has equal probability.
let 𝑃 𝑟[𝑋𝑣𝑖] = 𝑋𝑖. Denote the RHS by function of events 𝑋1, 𝑋2, ..., 𝑋𝑡. Thus, since
RHS is a lower bound for 𝑃 𝑟[𝑌𝑣𝑐], therefore we want to find the minimum value for RHS.
Denote the RHS by 𝑓𝑣𝑐.
𝑓𝑣𝑐 =

𝑡
𝑡
∏︁
∏︁
1 ∑︁
(1 − 𝑋𝑖 ) +
𝑋𝑖
(1 − 𝑋´𝑖 )
2
𝑖=1
𝑖=1
´ ´
𝑖=1,𝑖̸=𝑖

𝑡
𝑡
∏︁
1 ∑︁ ∑︁
𝑋𝑖 𝑋 𝑗
(1 − 𝑋´𝑖 )
+
3 𝑖=1 𝑗=1,𝑖̸=𝑗
´ ´ ´
𝑖=1,𝑖̸=𝑖,𝑖̸=𝑗

Take out two events from summation and product,
𝑓𝑣𝑐 = (1 − 𝑋1 )(1 − 𝑋2 )

𝑡
∏︁
∏︁
1
(1 − 𝑋𝑖 ) + 𝑋1 (1 − 𝑋2 )
(1 − 𝑋´𝑖 )
2
𝑖=3
´ ´
𝑖=3,𝑖̸=𝑖

𝑡
∏︁
∑︁
∏︁
1
1
+ 𝑋2 (1 − 𝑋1 )
(1 − 𝑋´𝑖
(1 − 𝑋´𝑖 ) + (1 − 𝑋1 )(1 − 𝑋2 )
𝑋𝑖
2
2
𝑖=3
´ ´
´ ´ ´
𝑖=3,𝑖̸=𝑖,𝑖̸=𝑗

𝑖=3,𝑖̸=𝑖

𝑡
𝑡
∏︁
∑︁
∏︁
1
1
+ 𝑋1 𝑋2 (1 − 𝑋𝑖 ) + 𝑋1 (1 − 𝑋2 )
𝑋𝑖
(1 − 𝑋´𝑖 )
3
3
𝑖=3
𝑖=3
´ ´
𝑖=3,𝑖̸=𝑖

𝑡
𝑡
𝑡
𝑡
𝑡
∑︁
∏︁
∑︁
∑︁
∏︁
1
1
+ 𝑋2 (1 − 𝑋1 )
𝑋𝑖
(1 − 𝑋´𝑖 ) + (1 − 𝑋1 )(1 − 𝑋2 )
𝑋𝑖 𝑋𝑗
(1 − 𝑋´𝑖 )
3
3
𝑖=3
𝑖=3 𝑗=3,𝑖̸=𝑗
´ ´
´ ´ ´
𝑖=3,𝑖̸=𝑖

𝑖=3,𝑖̸=𝑖,𝑖̸=𝑗

Denote the following as in previous lemma
𝐴=

𝑡
∏︁
(1 − 𝑋𝑖 ),
𝑖=3

𝐵=

𝑡
∑︁
𝑖=3

𝐶=

𝑋𝑖

𝑡
∏︁

(1 − 𝑋´𝑖 ),

and

´𝑖=3,´𝑖̸=𝑖

𝑡
𝑡
∑︁
∑︁

𝑋𝑖 𝑋𝑗

𝑖=3 𝑗=3,𝑖̸=𝑗

𝑡
∏︁

(1 − 𝑋´𝑖 )

´𝑖=3,´𝑖̸=𝑖,´𝑖̸=𝑗

Now, we have function 𝑓𝑣,𝑐 with two variables instead of t variables.
1
1
𝑓𝑣𝑐 = (1 − 𝑋1 )(1 − 𝑋2 )𝐴 + 𝑋1 (1 − 𝑋2 )𝐴 + 𝑋2 (1 − 𝑋1 )𝐴
2
2
1
1
1
1
1
+ (1 − 𝑋1 )(1 − 𝑋2 )𝐵 + 𝑋1 𝑋2 𝐴 + 𝑋1 (1 − 𝑋2 )𝐵 + 𝑋2 (1 − 𝑋1 )𝐵 + (1 − 𝑋1 )(1 − 𝑋2 )𝐶
2
3
3
3
3
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After multiply all terms together, we have the following
1
1 1
1
1 1
1
1
1
𝑓𝑣𝑐 = (1 − 𝑋1 − 𝑋2 )𝐴 + ( − 𝑋1 − 𝑋2 )𝐵 + ( − 𝑋1 − 𝑋2 )𝐶 + 𝑋1 𝑋2 (2𝐴 − 𝐵 + 2𝐶)
2
2
2 6
6
3 3
3
6

Now, if we increase 𝑋1 and decrease 𝑋2 by a constant 𝛿 > 0, then the first three terms
are constant. This leaves only the 4th term, i.e., 𝑓𝑣𝑐 = 61 𝑋1𝑋2(2𝐴 − 𝐵 + 2𝐶). In this term,
we need to show that 2𝐴 − 𝐵 + 2𝐶 is non-negative value, if so, then the function 𝑓𝑣𝑐 is
non-negative decreasing; because of Claim ??.
2𝐴 − 𝐵 + 2𝐶 ≥ 2𝐴 − 𝐵
=2

𝑡
∏︁

(1 − 𝑋𝑖 ) +

𝑡
∑︁

𝑖=3

≥

𝑋𝑖

𝑖=3

𝑡
∏︁
(1 − 𝑋𝑖 )(2 −
𝑖=3

𝑡
∏︁

(1 − 𝑋´𝑖 )

´𝑖=3,´𝑖̸=𝑖

∑︀𝑡

𝑗=3 𝑋𝑗
)
1 − 𝑋𝑗

𝑡
𝑡
∏︁
∑︁
≥
(1 − 𝑋𝑖 )(2 − 2
𝑋𝑗 )
𝑖=3

𝑗=3

𝑡
∏︁
≥
(1 − 𝑋𝑖 )(2 − 2(1)) ≥ 0.
𝑖=3

For first inequality, it follows because C is a set of product and sum of probabilities. Then
we substitute by the values of A and B. The second inequality follows from the fact that
1∑︀− 𝑋𝑖 ≥ 21 since all 𝑋𝑖 are light vertices. The third inequality follows from the fact that
𝑡
𝑗=3 𝑋𝑗 ≤ 1. Thus, we obtained that 2𝐴 − 𝐵 + 2𝐶 is non-negative value.
Thus, 𝑓𝑣𝑐 reaches its minimum when 𝑋1 = 12 and 𝑋2 = 12 . Note that 𝑋𝑖 = 0 for
𝑖 = 3, 4, ..., 𝑡. Thus,
1 1
1 1 1
7
1 1
𝑃 𝑟[𝑌𝑣𝑐 ] ≥ 1 − ( )( ) − ( )( ) + 2( )( )( ) =
2 2
2 2
6 2 2
12

Lemma 7. Let 𝑒 = (𝑢, 𝑣) has a color c and it is chosen in the Stage I of the algorithm and
let 𝑃 𝑟[e is chosen] denote the probability that both vertices v and u takes color c. Then
𝑃 𝑟[e is chosen] ≥ 𝑃 𝑟[𝑌𝑢𝑐 ]𝑃 𝑟[𝑌𝑣𝑐 ].

To prove this theorem we will follow a procedure. The procedure would be the same
as in [1]. But it is different; because we have little bit different way to assign color at the
end of algorithm.
In order to prove this lemma, we consider a sequence of algorithms denoted by
Proof.

∑︁ ∑︁
∑︁
,
, ...,
0

1

𝑘

where 0 is the same as algorithm of this thesis. The difference among these algorithms
comes from the way in which the vertices get a color. Let us fix a color x. We consider
∑︀
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two different procedures for assigning colors to the vertices. Procedure I: assign color by
Algorithm of this thesis. Procedure II: assign color by other algorithms independently.
We see how this two procedure works for two vertices. Suppose there is an edge e1
that is incident to u colored by x and another edge e2 incident to v colored by x. Assume
that both have the maximal value of z*e. Also, assume that z*e ≤ z*e . Let p denote the
probability that u gets color x in the algorithm of this thesis. Let q denote the probability
that v gets color x given that u doesn’t get color x.
Using Procedure I, we color both vertices u and v with color x with probability p;
this because vertex v has higher probability than vertex u, so if algorithm takes u, then
it follows that it takes u, too. Moreover, we color only vertex v with probability (1-p)q.
Using Procedure II, we color vertices u and v independently, i.e., we color vertex u with
probability p and we color vertex v∑︀with probability (1-p)q+p := d.
In the algorithm of this thesis 0, for each color
∑︀ x, we use Procedure I to assign colors
to vertices such that 1 ≤ 𝑥 ≤ 𝑘. In the algorithm 𝑖, for 1 ≤ 𝑖 ≤ 𝑘, we use Procedure I to
assigning those colors to∑︀vertices∑︀while for 𝑖 + 1 ≤ 𝑥 ≤ 𝑘 we use Procedure II to assign those
∑︀
color to vertices. Let 𝑖 and 𝑖+1 be two consecutive algorithm; i.e., the algorithm 𝑖
assign colors
∑︀ from [1, 𝑖] using Procedure II and colors from [(𝑖 + 1), 𝑘] they use Procedure I.
While for 𝑖+1, it assign colors from [1, (𝑖 +1)] using Procedure II, and colors from [(𝑖 +2), 𝑘]
using Procedure I. Thus, they differ only in the way they assign color (i+1) to vertices. Note
that ∑︀
if there∑︀is no (i+1) colors, then observe that the above interval will lead to the fact
that 𝑖 = 𝑖+1.
1

Events

if

𝑃 𝑟[𝑋𝑢,𝑖+1 ] * 𝑃 𝑟[𝑋𝑣,𝑖+1 ]
𝑃 𝑟[𝑋𝑢,𝑖+1 ] * 𝑃 𝑟[𝑋𝑣,𝑖+1 ]
𝑃 𝑟[𝑋𝑢,𝑖+1 ] * 𝑃 𝑟[𝑋𝑣,𝑖+1 ]
𝑃 𝑟[𝑋𝑢,𝑖+1 ] * 𝑃 𝑟[𝑋𝑣,𝑖+1 ]

∑︀

=

0

∑︀

𝑖

(1 − 𝑝)𝑞
(1 − 𝑝)(1 − 𝑞)
𝑝

if

2

∑︀

∑︀
= 𝑖+1
𝑝(1 − 𝑑)
(1 − 𝑝)𝑑
(1 − 𝑝)(1 − 𝑑)
𝑝𝑑

Let 𝐶 ′ = 𝐶 {𝑥, 𝑖 + 1}. Denote by 𝜆1 the probability of coloring the vertex v in color c if
i colors were assigned to v at the first stage of the algorithm. Denote by 𝜇1 the probability of
coloring the vertex v in color c if i colors were assigned to v at the first step of the algorithm.
We note that 𝜆𝑖 ≤ 𝜆𝑖+1 and 𝜇𝑖 ≤ 𝜇𝑖+1.
𝑖

𝑖

∑︁
1
1
𝜑( ) =
(𝑃 𝑟[𝑋𝑢,𝑖+1 ] * 𝑃 𝑟[𝑋𝑣,𝑖+1 ]) +
(𝑃 𝑟[𝑋𝑢,𝑖+1 ] * 𝑃 𝑟[𝑋𝑣,𝑖+1 ])
𝜆𝑖 𝜇𝑖
𝜆𝑖+1 𝜇𝑖
1
+
(𝑃 𝑟[𝑋𝑢,𝑖+1 ] * 𝑃 𝑟[𝑋𝑣,𝑖+1 ])
𝜆𝑖 𝜇𝑖+1
1
+
(𝑃 𝑟[𝑋𝑢,𝑖+1 ] * 𝑃 𝑟[𝑋𝑣,𝑖+1 ])
𝜆𝑖+1 𝜇𝑖+1

If 𝜑( 𝑖) ≥ 𝜑( 𝑖+1), then means that with more colors that assign to vertex v in Stage
∑︀
I, the less
∑︀ probability to be colored . In order to show this inequality, we substitute 𝜑( 𝑖 )
and 𝜑( 𝑖+1) by the table above. Thus,
∑︀

∑︀
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∑︁
(1 − 𝑝)(1 − 𝑞) (1 − 𝑝)𝑞
𝑝
𝜑( ) =
+
+
𝜆𝑖 𝜇𝑖
𝜆𝑖 𝜇𝑖+1
𝜆𝑖+1 𝜇𝑖+1
𝑖
=

𝑦−𝑝
𝑝
1−𝑦
+
+
𝜆𝑖 𝜇𝑖
𝜆𝑖 𝜇𝑖+1 𝜆𝑖+1 𝜇𝑖+1

and
∑︁
(1 − 𝑝)(1 − 𝑦) 𝑝(1 − 𝑦)
+
𝜑( ) =
𝜆𝑖 𝜇𝑖
𝜆𝑖+1 𝜇𝑖
𝑖+1
+

𝑝(1 − 𝑦)
𝑝𝑦
+
𝜆𝑖 𝜇𝑖+1
𝜆𝑖+1 𝜇𝑖+1

Thus,
∑︁
∑︁
𝑝(1 − 𝑦) 𝑝(1 − 𝑦) 𝑝(1 − 𝑦) 𝑝(1 − 𝑦)
−
+
+
(𝜑( ) − 𝜑( )) =
𝜆𝑖 𝜇𝑖
𝜆𝑖+1 𝜇𝑖
𝜆𝑖 𝜇𝑖+1
𝜆𝑖+1 𝜇𝑖+1
𝑖
𝑖+1
= 𝑝(1 − 𝑦)(

𝜆𝑖+1 𝜇𝑖+1 + 𝜆𝑖 𝜇𝑖 − 𝜆𝑖+1 𝜇𝑖 − 𝜆𝑖 𝜇𝑖+1
)≥0
𝜆𝑖 𝜆𝑖+1 𝜇𝑖 𝜇𝑖+1

the last inequality follows; because∑︀it is a term
of probability and the fact that 𝜆𝑖 ≤ 𝜆𝑖+1
∑︀
and 𝜇𝑖 ≤ 𝜇𝑖+1. This follows that 𝜑( 𝑖) ≥ 𝜑( 𝑖+1).
Theorem 2. The expected approximation ratio of Algorithm ?? is

49
144 .

Proof. Since 𝑂𝑃 𝑇 ≤ 𝑒∈𝐸 𝑤𝑒 𝑧𝑒* . Consider the edge e ∈ 𝐸 is chosen at first part of the
algorithm. This occurs with probability 𝑧𝑒* by lemma ??. Suppose edge e has two endpoints
u and v. Since e has colorc, then by lemma ??, the probability that the endpoints of e is
colored with c at least 𝑃 𝑟[𝑋𝑣𝑐]𝑃 𝑟[𝑋𝑢𝑐].
Let light vertex be the vertex that all its colors have probability at most 12 . Let heavy
vertex be the vertex that at least one of its color is heavy color. Let e be a big edge such
that 𝑥*𝑒 > 12 , otherwise it is small edge. In this analysis, four types of edges are given in the
graph: 3 small edges and 1 big edge. See the Table ?? for all its probabilities.
∑︀

Type
1
2
3
4

u
light
light
heavy
heavy

v
heavy
light
heavy
heavy

e=(u,v)
Small
Small
Small
Big

𝑃 𝑟[𝑋𝑣𝑐 ]𝑃 𝑟[𝑋𝑢𝑐 ]
7
( 12
)( 58 ) by lemma ?? and ??.
7
7
( 12 )( 12
) by lemma ??.
( 58 )( 85 ) by lemma ??.
( 23 )( 32 ) by lemma ??.

Table 3.1. All kind of edges in the graph
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Thus,
∑︁

𝑤𝑒 𝑧𝑒* 𝑃 𝑟[e

is matched] ≥

𝑒∈𝐸

∑︁

𝑤𝑒 𝑧𝑒* min{(

𝑒∈𝐸

=

∑︁
𝑒∈𝐸

≥

𝑤𝑒 𝑧𝑒*

7 5
7 7
5 5 2 2
)( ), ( )( ), ( )( ), ( )( )}
12 8 12 12 8 8 3 3

49
144

49
𝑂𝑃 𝑇
144

The first inequality follows from the fact that minimum value of probabilities is a lower
bound for the probability that edge e is a matched edge. The second inequality follows from
the fact of LP.
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Chapter 4
Inapproximability for MAXkEC

In this chapter, we give first lower bound for inapproximability of MAXkEC problem.
We reduce maximum 3-satisfability problem (abbrivated as MAX3SAT) to MAXkEC
using L-reduction. L-reduction is one of the early preserving reduction to prove inapprox
imability, introduced by Papadimitriou and Yannakakis [15]. We build a budget for each
clause and prove that each clause correspond to exactly fixed number of matched edges de
pending whether the clause is satisfied or not. Then we show that this construction satisfies
the two conditions of L-reduction. This would follows that MAXkEC ∈/ PTAS. After that
we analyze the approximation ratio where MAXkEC cannot be approximated by using the
definition of L-reduction. As a consequence of this result, we show that MAXkEC cannot
98
be approximated better than 100
unless P = NP. In this chapter, we present main classes
and definition in section ??. While the proof of hardness is given in section ??.

4.1. Basic Definition

Here in this section we overview the main complexity classes of approximation algo
rithm and we give definition of L-reduction. All the definition here can be found in many
survey papers about hardness of approximation, such as [5], [10].
The study of hardness comes after researchers fail to show an exact algorithm for many
problems, This ends with the discovery of NP-completeness in 1972. Eventually, researchers
try to design an approximation algorithm to many NP-hard optimization problems, but they
failed. So, they think that may be it is NP-hard to find an approximation algorithm, then
they try to prove it using Cook-Levin-Karp reduction and works well for some problems such
as TSP and k-center problem to prove inapproximability. But, they couldn’t do it for many
other optimization problems. Thus, they relazied that Cook-Levin-Karp reduction is not
suffice to prove inapproximability. Papadimitriou and Yannakakis [15] first notice this differ
ences and they gave a new way to prove inapproximability using so called approximation
preserving reduction. [4][Chapter 11]. approximation preserving reduction is different
from Cook-Levin-Karp reduction in the sense that approximation preserving reduction en
sures that if we obtain at least some amount of optimal solution for the second problem,
then we obtain at most some specific amount of optimal solution for the first problem. It
seems obvious that the preserving reduction creates some kind of gap between two optimiza
tion problems, whereas Cook-Levin-Karp reduction doesn’t have this property. There are
many types of approximation preserving reduction such as PTAS-reduction, AP-reduction,
the reader refer to previous references for more about these and other reductions. In this
thesis, we consider only L-reduction.
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Definition 8 (APX).

Given a polynomial-time approximation algorithm A, to an NPO problem Π, it has 𝛼−
approximation ratio where 𝛼 ∈ 𝑄 so that 𝜌𝐴 (𝑥) ≤ 𝛼 for minimization problem or 𝜌𝐴 (𝑥) ≥ 𝛼
for maximization problem. Then we say that Π ∈ 𝐴𝑃 𝑋 .

Clearly, the APX is the class for problems where it has a constant approximation al
gorithm. Note that there exits some problems that is not in APX unless P = NP such as
Maximum Independent Set problem where it is NP-hard to approximate for any constant.
Observe that MAXkEC ∈ APX (see Chapter ??).
There are some problems that have a family of approximation algorithm such that each
membership has a constant approximation algorithm. The running time grows as polynomial
over the size of input and function of approximation ratio. These problems lies in class called
PTAS.
Definition 9 (PTAS).

An NPO problem has a family of approximation algorithm 𝐴𝛼 such that 𝛼 > 0, it has
an absolute approximation ratio where (1 + 𝛼)-approximation algorithm for minimization
problem and (1 − 𝛼)-approximation algorithm for maximization problem. The running time
1
of these family is 𝛼1 over the size of input, i.e. |𝑥| 𝛼 , then these family called Polynomial
Time Approximation Scheme (or PTAS).

There are a few problems that allow for PTAS such Bin packing problem. There are
other kind of problem where it doesn’t allow PTAS for general but it allows for special graph,
e.g. Maximum-weight Independent Set problem in planar graph and Euclidean TSP allow
for PTAS. Clearly, a problem in PTAS could have a very bad running time, e.g. |𝑥|2 .
So, sometimes it is not good in practice, for example PTAS for Closest String Problem by
Li and Wang [14] is not practical. There are stronger class than PTAS which requires that
the running time must be polynomial over the size of input x and polynomial over 𝛼1 called
Fully PTAS (or simply FPTAS). Knapsack problem lies on this class. Refre to [16] for a
good introduction to PTAS and FPTAS.
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Unless P = NP, then the following holds: FPTAS ⊆ PTAS ⊆ APX ⊆ NPO. Note
that there are other classes for problems between APX and NPO. For example, Poly-APX
have problems that have an approximation ratio of 𝑂(|𝑥|𝑘 ) where k is fixed such as Maximum
Independent Set (MIS) problem and its complete problem for this class. Log-APX have
problems that have an approximation ratio of 𝑂(log |𝑥|) such as Set Cover (SC) problem
and its complete problem for this class.
Definition 10 (L-reducibility).
Let Π1 and Π2 be two NPO problems. Then, we say that Π1 ≤𝐿 Π2 , if there exits two
computable functions 𝑓 and 𝑔 and two constants 𝛼1 and 𝛼2 such that for all 𝑥 ∈ 𝐼Π1 and
𝑦 * ∈ 𝑆𝑜𝑙Π2 (𝑓 (𝑥)), then
∙ 𝑂𝑃 𝑇Π2 (𝑓 (𝑥)) ≤ 𝛼1 𝑂𝑃 𝑇Π1 (𝑥)
∙ |𝑂𝑏𝑗Π2 (𝑥, 𝑔(𝑦 * )) − 𝑂𝑃 𝑇Π1 (𝑥)| ≤ 𝛼2 |𝑂𝑏𝑗Π2 (𝑓 (𝑥), 𝑦 * ) − 𝑂𝑃 𝑇Π2 (𝑓 (𝑥))|.

L-reduction is used to prove membership of PTAS.
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Fact 1. Let Π1 and Π2 be two NPO problems such that Π1 ≤𝐿 Π2 and Π1 ∈/ PTAS, then
Π2 ∈
/ PTAS.

One example of two NPO problems is a linear reduction from MAX3SAT to MAX2SAT.
Thus shows that since MAX3SAT ∈/ PTAS, then this implies that MAX2SAT ∈/ PTAS.
A combinatorial structure that allows to transfer inapproximability (or approximability) re
sults from a problem to another, is called gadget .

4.2. MAX3SAT ≤𝐿 MAXkEC

First, a formal definition of MAX3SAT is given.
Definition 11 (MAX3SAT).

Input: Given a set of variables 𝑥1 , 𝑥2 , ...., 𝑥𝑛 and set of clauses 𝐶1 , 𝐶2 , ...., 𝐶𝑚 where n is
the number of variables and m is the number of clauses. For each clause there is exactly 3

variables.
Task: Maximize the number of clauses by setting 0 and 1 assignment to all variables.

It is known that MAX3SAT cannot be approximated within 78 − 𝜖 for 𝜖 > 0 unless P
= NP [11]. It is also known that the best approximation algorithm for MAX3SAT is 87
[13]. So, Håstad prove the inapproximability tightness of MAX3SAT. In fact, he proved it
for any 𝑘 ≥ 3. He used advanced techniques of PCP theorem to prove the tightness. Later
in the Corollary ?? below, we use this ratio to see the corresponding ratio of MAXkEC
inapproximability. The following proposition about maximum satisfability is used in the
Theorem ??, so we present it with a proof.
Proposition 1 (Johnson’s Theorem [13]).

Given a propositional formula in CNF, we can always have at least
satisfied.

𝑚
2

of its clauses are

Proof. Assign 0s and 1s to each variable 𝑥𝑖 . Let 𝜑 denote the assignment of these variable.
W.l.o.g. 𝜑 is a feasible solution and each assignment to the literals have equal probability.
Let 𝑌𝑖 be a random variable,
𝑌𝑖 =

{︃
1,
0,

if the ith clause is satisfied
otherwise

Let 𝑌 be the sum of random variable 𝑌𝑖, i.e. 𝑌 = 𝑚𝑖=1 𝑌𝑖. 𝑃 𝑟[𝑌𝑖 = 1] = 1 − 21 ; because
clause is not satisfied only when all literals are not true assignment. Thus, 𝐸[𝑌𝑖] = 𝑃 𝑟[𝑌𝑖 =
1] = 1 − 21 ≥ 12 , for 𝑘 ≥ 1. Therefore,
∑︀

𝑘

𝑘

𝐸[𝑌 ] = 𝐸[

𝑚
∑︁
𝑖=1

= 𝑌𝑖 ] =

𝑚
∑︁
𝑖=1

𝐸[𝑌𝑖 ] ≥

𝑚
∑︁
1
𝑖=1

2

=

𝑚
2

The first equality by definition of 𝑌 and second equality by linearity of expectation. The
inquality follows from above inequality of 𝐸[𝑌𝑖] ≥ 21 . Thus, at least half number of clauses
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is satisfied if we assign randomly 0s and 1s to all literals.

Theorem 3.

MAX3SAT ≤𝐿 MAXkEC for 𝛼1 = 7, 𝛼2 = 1 and 𝑘 ≥ 6.

Let us build a gadget such that the optimum value has at most 3 matched edges if and
only if clause is not satisfied. Whereas if optimum value has at least 4 matched edges if and
only if clause is satisfied. Note that if difference between yes-instance and no-instance (i.e.
between satisfied and not satisfied) is at least 2, the linear reduction will fail to hold.
Proof. We construct a gadget for each clause, each gadget has 7 vertices and 9 edges including
the edges that incident to the variables with gadget, see Fig ??. Note that vertices labeled
1, 2, 3, 4, 5, 6 must have chromatic number 2, i.e. 𝑐ℎ𝑟(𝑣𝑖 ) = 2∀𝑖 = [1 − 6]. So, the order of
color is not important, for example if 𝑐(𝑣1, 𝑣4) =pink as in Fig ??, it could be in other gadget
𝑐(𝑣1 , 𝑣4 ) =red. For vertex labeled 𝑣7 , it has 𝑐ℎ𝑟(𝑣7 ) = 3. This vertex must have always
incident edges with ’black’ and ’brown’.
For each variable of MAX3SAT 𝑥𝑖, create a vertex 𝑣𝑖. Suppose variable 𝑥𝑖 appears in
𝑡 clauses, i.e. 𝐶1 , 𝐶2 , ..., 𝐶𝑡 . Denote the corresponding gadgets as 𝐺1 , 𝐺2 , ...., 𝐺𝑡 . For all
non-negative literals 𝑥𝑖 in clause 𝐶𝑞 , such that 𝑞 ∈ {1, 2, ..., 𝑡} attach a black color edge
between 𝑣𝑖 and to one vertex of the gadget 𝐺𝑞 . For all negative literals 𝑥¯𝑖 in clause 𝐶𝑞 , such
that 𝑞 ∈ {1, 2, ..., 𝑡} attach a brown color edge between 𝑣𝑖 and to one vertex of the gadget 𝐺𝑞 .
If 𝑥𝑖 = 1, then color 𝑣𝑖 with black, otherwise color it with brown. We will claim that if there
is satisfied clause, then the gadget that corresponds to this clause has at least 4 matched
edges, while if there is no satisfied clause, then the gadget that corresponds to this clause
has at most 3 matched edges. To prove this claim, we will consider all cases. Consider that
𝑣𝑥 is a vertex that represent one variable and 𝑣𝑖 is a vertex of gadget 𝐺 for 𝑖 = 1, 2, 3, denote
by (𝑣𝑥, 𝑣𝑖) the edges between 𝑣𝑥 and 𝑣𝑖.
Case I One literal assigned to 1. Then at least one edge is a matched edge from all edges
between gadget and variables, i.e. say that one edges among (𝑣𝑥, 𝑣𝑖) is a matched edge.
If so, then we are left with 6 vertices. These 6 vertices could be as in Fig ?? one of
the these three sets: {1, 2, 4, 5, 6, 7}, {1, 3, 4, 5, 6, 7}, or {2, 3, 4, 5, 6, 7}. We can get
maximum number of 3 matched edges in this case. So, total is 4.
Case II two literal is assigned to 1. Then at least two edges are matched edges from all edges
between variables and gadget, i.e. two edges of these edges (𝑥, 𝑣𝑖) are matched edges.
If so, then we are left with 4 vertices. These vertices could be as in Fig ?? one of
these three sets: {1, 4, 5, 6, 7}, {2, 4, 5, 6, 7}, or {3, 4, 5, 7}. We can only get maximum
number of 2 matched edges. Thus, the total is 4.
Case III three literals are assigned to 1. Then at three edges of (𝑥, 𝑣𝑖) are satisfied edges. We
are left one set of vertices {4, 5, 6, 7}. We can only get maximum number of 1 matched
edge. Thus, the total is 4.
Case IV no satisfied clause. Then all three edges (𝑥, 𝑣𝑖) cannot be form a matched edge, so we
are left with 7 vertices. These vertices are in one set: {1, 2, 3, 4, 5, 6, 7}. See ?? and
Observe that we can only get at most 3 maximum number of matched edges. Thus,
the total is 3.
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We have just finished constructing the reduction from MAX3SAT to MAXkEC. Now, it
remains to show that this construction holds the conditions of linear reductions. Denote
MAXkEC as EC and MAX3SAT as SA.
𝑂𝑃 𝑇 (𝐼𝐸𝐶 ) = 3𝑚 + 𝑂𝑃 𝑇 (𝐼𝑆𝐴 )
≤ 6𝑂𝑃 𝑇 (𝐼𝑆𝐴 ) + 𝑂𝑃 𝑇 (𝐼𝑆𝐴 )
= 7𝑂𝑃 𝑇 (𝐼𝑆𝐴 )

(4.1)
(4.2)
(4.3)

Note that the inequality follows because of Proposition ??. Thus, 𝛼1 = 7. for the second
condition:
𝑂𝑃 𝑇𝑆𝐴 (𝑥) − 𝑂𝑏𝑗𝑆𝐴 (𝑥, 𝑔(´
𝑦 )) = 𝑂𝑃 𝑇𝐸𝐶 (´
𝑥) − 3𝑚 − 𝑂𝑏𝑗𝑆𝐴 (𝑥, 𝑔(´
𝑦 ))
= 𝑂𝑃 𝑇𝐸𝐶 (´
𝑥) − 𝑂𝑏𝑗𝐸𝐶 (𝑓 (𝑥), 𝑦´)

(4.4)
(4.5)

The first equality follows from the fact of the construction, i.e., suppose that there are
𝑂𝑃 𝑇𝑆𝐴 (𝑥) = 𝑘 satisfied assignments. Then by our construction, we have 𝑂𝑃 𝑇𝐸𝐶 (𝑓 (𝑥)) =
4𝑘 + 3(𝑚 − 𝑘) = 4𝑘 + 3𝑚 − 3𝑘 = 3𝑚 + 𝑘 and by substitute from first equality we have
𝑘 − 𝑂𝑏𝑗𝑆𝐴 (𝑥, 𝑔(´
𝑦 )) = 3𝑚 − 𝑘 − 3𝑚 − 𝑂𝑏𝑗𝑆𝐴 (𝑥, 𝑔(´
𝑦 )) this proves that the equality holds.
The second equality holds because 𝑂𝑏𝑗𝑆𝐴(𝑥, 𝑔(´𝑦)) = 𝑂𝑏𝑗𝐸𝐶 (𝑓 (𝑥), 𝑦´) − 3𝑚. Thus, shows that
𝛼2 = 1.

Figure 4.1. This is the gadget of one clause.

Thus shows that MAXkEC ∈/ PTAS, so we cannot hope that we have an approxi
mation algorithm for any constant for MAXkEC. In order to show the exact ratio where
MAXkEC cannot be approximated, we bring the inapproximability for MAX3SAT prob
lem and using L-reduction definition, we can have the inapproximability for MAXkEC
problem. First, we need the following proposition which shows the relation between two
NPO problems when they have a L-reduction. Then we give the Corollary ??.
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(а ) a

(б ) b
Figure 4.2. This is an example of three clauses: (𝑥1 ∨ 𝑥2 ∨ 𝑥3 ) ∧ (𝑥¯1 ∨ 𝑥2 ∨ 𝑥¯3 ) ∧ (𝑥¯1 ∨ 𝑥¯3 ∨ 𝑥4 ).
Suppose we given the following solution for MAX3SAT: 𝑥1 = 1, 𝑥2 = 0, 𝑥3 = 1 and 𝑥4 = 0 then
observe that the first gadget it has at least 4 matched edges and for second and third gadget it has
at most 3 matched edges

Proposition 2 ([5]).

Let Π1 and Π2 be two NPO problems. Let Π1 ≤𝐿 Π2 . Let 𝑟Π1 and 𝑟Π2 denotes the ratio where
Π1 and Π2 , respectively cannot be approximated. Then the following holds between two NPO
problems:
𝑟Π2 =

𝑟Π1 𝛼1 𝛼2
𝑟Π2 (𝛼1 𝛼2 − 1) + 1

This inequality comes from the definition of L-reduction.

Corollary 1.

MAXkEC cannot be approximated better than

98
100

unless P=NP.

Since MAX3SAT cannot be approximated better than 7/8. And Since by Theorem
?? we have a L-reduction from MAX3SAT to MAXkEC. Denote 𝑟EC to be the ratio that
cannot be approximated for MAXkEC and let 𝑟SA be the ratio that MAX3SAT cannot
Proof.
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be approximated better than 87 . Then By Proposition ??, we have the following:
𝑟𝑆𝐴 𝛼1 𝛼2
𝑟𝑆𝐴 (𝛼1 𝛼2 − 1) + 1
7
(7)(1)
= 7 8
(7 − 1) + 1
8
98
=
100

𝑟𝐸𝐶 =
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(4.6)
(4.7)
(4.8)

Chapter 5
Concluding Remarks

It is clear from Fig 1.3 that there are two possible ways for improvement, one from upper
bound side and one from lower bound side. From upper bound side, there is a still possible
improvement between Integrality gap and upper bound of this thesis. While it is interesting
if there is another LP that outperforms the one in this thesis. It is also interesting for any
improvement of the lower bound. We still believe the lower bound could be improved. We
suggest techniques from PCP or designing a new kind of gadget where it gives better lower
bound. Also, we should note that this problem is equivalent to Maximum Independent Set
(MIS) problem in special graph. It is interesting to study this special graph; since MIS is
very known problem in the literature and results here could be applied to this special graph.
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