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1 Introduction

Topological quantum computation [2] has been drawing
much attention for one of the promising ways to real-
ize fault-tolerant quantum computation recently. In the
topological quantum computation model, unlike the con-
ventional quantum circuit model, we can place logical
qubits in a two-dimensional layout as shown in Fig. 2 [1].
Then, the most important point is that any two opera-
tions (in a specific layout) can be performed parallelly
when the braiding operations corresponding to the two
operations are not physically overlapped in the layout.
(More discussion about the circuit model will be given in
Appendix.) For example, we cannot perform g4 and g7
in Fig. 2 at the same time because the two lines corre-
sponding to the two gates are overlapped physically.
Therefore, the qubit order (i.e., qubit layout) is re-

ally important for the computation time for topological
quantum computation unlike the conventional quantum
circuit model. Accordingly, the existing method [3] tries
to find almost the best one-dimensional qubit layout such
that as many gates as possible can be performed at the
same time. An SA (Simulated Annealing)-based method
to find a good initial two-dimensional qubit layout has
also been proposed recently [1]. In this abstract, we pro-
pose to improve the method [1] by inserting some SWAP
gates in the middle. Our preliminary experiments show
the effectiveness of our approach.
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Figure 1: A quan-
tum circuit in one-
dimension.
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Figure 2: A two-
dimensional qubit
layout.

2 Our idea to use SWAP gates

In the following, we assume logical qubits, which
are denoted by x1, x2, · · · , xn, are placed in a two-
dimensional layouts as Fig. 2. Recently, a promising im-
plementation scheme for topological quantum computa-
tion has been proposed [4]; the implementation is divided
into three parts, initialization part, a large array of only
CNOT gates, and the measurement part. Thus it is very
important to optimize a circuit consisting of only CNOT
gates; we consider to optimize a circuit consisting of only
CNOT gates. In the following, the target and the con-
trol qubits of gate gi are denoted by T (gi) and C(gi),
respectively.
First we introduce a terminology “overlapped.”

Definition 1 A pair of gates gi and gj are said to be

overlapped with a given two-dimensional qubit layout

if the line between T (gi) and C(gi) and the line be-

tween T (gj) and C(gj) cross each other in the given two-

dimensional qubit layout. If gi and gj are not overlapped,

they are said to be non-overlapped with each other.

For example, in the qubit layout as shown in Fig. 2,
g4 whose target and control bits are x3 and x4, respec-
tively, and g2 whose target and control bits are x2 and
x8, respectively, are non-overlapped, whereas g4 and g7
whose target and control bits are x2 and x7, respectively,
are overlapped. This is because two lines between x3 and
x4, and between x2 and x8, are not crossed, but two lines
between x3 and x4, and between x2 and x7, cross each
other in the layout as shown in Fig. 2.
If the two logical CNOT gates are non-overlapped, the

braiding operations for the two CNOT gates can be per-
formed in one logical time step in our model. Thus, our
task is to increase the number of CNOT gates that are
non-overlapped with each other.
We can swap two CNOT gates, gi and gj , if C(gi) 6=

T (gj) and T (gi) 6= C(gj). We refer this as the swapping

rule in this abstract. For example, g3 and g4 in Fig. 1 can
be swapped. Also g4 and g5 in Fig. 1 can be swapped, and
thus we can change the order of g3, g4, g5 in any order.
However, g6 and g7 in Fig. 1 cannot be swapped because
the target qubit of g6 and the control qubit of g7 are the
same qubit (i.e., x2).
To explain our method, we also need the following ter-

minology.
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Figure 3: A quantum circuit.
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Figure 4: A two-dimensional qubit layout by the previous
work.

Definition 2 If gi can be moved to next to gj by only the

swapping rule, gi and gj are said to be “adjacentable”

with each other.

For example, g4 and g6 in Fig. 1 are adjacentable because
g4 and g5 (or g5 and g6) can be swapped.
If two gates are adjacentable and non-overlapped in

a specific qubit layout, their corresponding braiding op-
erations can be performed parallelly in the layout, and
thus the computational steps for the circuit is decreased.
Thus, the qubit layout should be important, and our es-
sential task is to find a good qubit layout to decrease
the circuit depth; obviously, the problem is NP-hard,
and thus we need a good heuristic. There is a previ-
ous work [1] to find a “good” qubit layout based on an
SA-based heuristic such that as many adjacentable gates
as possible become non-overlapped. In the following, we
will propose a method to improve the previous method.
Our idea to improve the previous method can be ex-

plained by the following example. Suppose we want to
realize a circuit consisting of 9 qubits and 17 gates as
shown in Fig. 3. By the previous method [1], we can find
a good qubit layout as shown in Fig. 4. As we see from
Fig. 4, all gates in each step (in Fig. 4) are adjacentable
and non-overlapped. Therefore, all the gates in one step
can be done at the same time, and thus the number of
the total logical computational steps is 6. This is the
best initial qubit layout. However, we can decrease the
number of time steps to be 5 by our method.
Two gates, g14 and g17 are adjacentable but overlapped

at the qubit layout as shown in Fig. 4. Thus, we need
Step 6 to perform only g17 separately. If we can swap x4

and x6 to modify the layout to be Step 5 in Fig. 5 before
performing g17 and g14, we can perform g17 together with
g12, g14 and g16.
We can use a SWAP operation to change the location

of x4 and x6. For a SWAP operation, we need three
CNOT gates, so we need three logical operations (three
time steps in our model) between xi and xj to swap the
locations of xi and xj . Our idea is that we can do so
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Figure 5: Reduction of steps by the proposed method.

with no overhead (i.e., no increase of the time steps) if
such three operations are non-overlapped in some steps
before the step we want to do the swap. In the example,
we can do the three CNOT operations (denoted as gs in
Fig. 5) for the SWAP in Step 2 to Step 4. In conclusion,
the number of the total time steps is decreased to be 5
as Fig. 5.
The detailed optimization procedure based on our idea

can be found in Appendix. We compared our method
with the previous method [1]; our method can reduce
the circuit depth by up to 10%. We show experimental
results in Appendix.

3 Conclusion

In this abstract, we propose to use SWAP gates in the
middle to reduce the total computational steps for topo-
logical quantum computation. Our idea is to change a
two dimensional layout in the middle of the circuit so
that the computational steps are decreased for the re-
maining part. Our preliminary experiment show that our
idea would be useful. However, our current implementa-
tion is naive and thus very time-consuming for large cir-
cuits. Thus, we should develop a more efficient method
to treat larger circuits, and then perform more compre-
hensive comparisons with the previous methods.
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Appendix

Logic Circuit Model for Topological Quantum
Computation

Here we explain a logical circuit model for topologi-
cal quantum computation based on the implementation
scheme proposed by [2]. In the scheme, first we prepare
a group of physical qubits called surface code data qubits

to express the quantum state of a single logical qubit. By
the way of preparation that there are two types of logical
qubit codes: smooth and rough qubits.

We can apply a specific elementary logical operation to
a logical qubit by performing measurements to a specific
group of physical qubits that are relevant to the logi-
cal qubit code. A group of measurements to a specific
group of physical qubit can be illustrated as a drawing in
the physical space corresponding to the qubits. Such a
group of measurements is called a braiding operation. An
important property of braiding operations is that multi-
ple braiding operations can be done at the same time
if their corresponding drawings are not overlapped with
each other in the physical space.
A CNOT operation to logical two qubits that are en-

coded into different types of qubits (i.e., smooth and
rough qubits) can be performed simply by just a single
braiding operation between the two coded qubits. How-
ever, it is not always possible to encode the target and the
control qubits of all the CNOT gates into different types
of qubits. For example, if we want to apply three CNOT
gates between x1 and x2, between x2 and x3, and between
x3 and x1, the three pairs of qubits, (x1, x2), (x2, x3) and
(x3, x1) should be encoded into different types; this is im-
possible.
Therefore, we have to encode logical qubits into the

same type (say, smooth) code. Then, a CNOT gate be-
tween two smooth qubits can be implemented by three
braiding operations by adding two ancilla qubits. This
is shown in Fig. 6 where each horizontal line represents
a logical qubit (smooth or rough) code, and times goes
from the left to the right in the figure. In the figure,
only the second line corresponds to a rough qubit code
(the other lines corresponds to smooth qubit codes). The
dotted rectangles in the figure represent braiding opera-
tions. MX and MZ in the figure mean measurements in
the X and the Z bases, respectively. In the implementa-
tion of a CNOT gate, the logical qubit for the target bit
is moved to the ancilla (smooth) qubit as shown in the
figure. Thus, for one logical qubit, we need to use a pair
of two smooth logical qubit codes.
In the following, we consider such a pair of two logical

qubit (smooth) codes as one logical qubit. Also we need
an additional rough logical qubit code for each CNOT
gate as explained, but such additional qubits are irrel-
evant to our discussion, and so we will simply ignore
them in the following. In conclusion, in the following,
we consider only one qubit for each logical qubit, and
a single CNOT can be implemented in one logical time
step although there are many physical qubits and physi-
cal braiding operations for one CNOT operation.
Note that braiding operations can be done at the same

time if their corresponding drawings are not overlapped
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Figure 6: A CNOT between two logical qubits of the
same type.

with each other in the physical space, and thus we can
assume two logical CNOT gates can be done at the same
time when the CNOT gates are not overlapped physically.
The above is a very intuitive perspective of the model
discussed in [2], and thus an exact and detail discussions
should be found in that paper.

Our proposed method

Based on our idea, we can propose the following
method. Before explaining the method, we introduce the
following terminologies: two gates are said to be pos-

sibly non-overlapped if T (gi) and C(gi) are different
from neither T (gj) nor C(gj), and the two gates are ad-
jacentable. Suppose a gate group such that each gate
in the group is possibly non-overlapped with all the
other gates in the group. Then, there is at least one qubit
layout in which we can perform all the gates in the group
in one time step. A qubit layout is said to be good for a

gate group if we can perform all the gates in the group
in one time step with the qubit layout.
Now we are ready to describe our method.

Step 1 Make k (k should be as small as possible) gate
groups, G1, · · · , Gk, such that

• if we perform all the gates in G1, · · · , Gk with
this order, we can perform a circuit that is
logically equivalent to the given circuit, and

• all the gates in the same group are all possibly
non-overlapped.

Step 2 Find a good initial qubit order by an SA-based
method similar to the one [1] such that the qubit
order is good for the first i group (i.e., G1, · · · , Gi)
where i should be as many as possible.

Step 3 Iterate the following until all the gates in one
time step can be done at the same time. Sup-
pose we have determined the layout such that
G1, · · · , Gm can be done in one time step.

• Try to insert SWAP gates during G1, · · · , Gm

such that inserted operations are not over-
lapped with the existing operations, and we
can get a good layout for Gm+1.

• If the above is not succeeded, Gm+1 is divided
to several gate groups such that the layout at
Gm is good for all the divided groups. In other
words, Gm+1 should be performed with more
than one time step.

For Step 1, we move as many gates as possible to
the input side of the circuit, and make a possibly non-
overlapped gate group as large as possible in the order



Table 1: Comparison with the previous method.
Groups Method [1] Our Method Reduction

(qubits, gates) Depth Parallel Depth Parallel (%)
(9, 100) 40 44 2.27 43 2.33 -2.27
(9, 200) 79 89 2.25 81 2.47 -8.99
(9, 300) 114 139 2.16 133 2.26 -4.32
(9, 400) 140 177 2.26 167 2.40 -5.65
(9, 500) 190 225 2.22 206 2.43 -8.44
(16, 100) 20 26 3.85 25 4.00 -3.85
(16, 200) 53 62 3.23 59 3.39 -4.84
(16, 300) 66 92 3.26 83 3.61 -9.78
(16, 400) 88 125 3.20 121 3.31 -3.20
(16, 500) 115 162 3.09 151 3.31 -6.79
(25, 100) 16 22 4.55 20 5.00 -9.09
(25, 200) 35 49 4.08 45 4.44 -8.16
(25, 300) 47 73 4.11 70 4.29 -4.11
(25, 400) 63 101 3.96 94 4.44 -10.89
(25, 500) 81 129 3.88 122 4.17 -6.98

of G1, · · · , Gk. This is a greedy method, but we expect
this is good because at Step 2, we first try to find a good
qubit layout from the input side of the circuit as [1].
Obviously Step 3 is not optimal and thus we need a

more sophisticated method; we just show the effective-
ness of our idea in the following.

Experimental Results

To compare our method with the previous method [1],
we generated random CNOT-based circuits, and applied
the two methods to decrease the circuit depth. The result
is shown in Table 1. The first and the second columns
show the circuit size (the numbers of qubits and gates),
and the number of possibly non-overlapped gate groups
obtained at Step 1, respectively. Note that the circuit
depth cannot be less than the number of the possibly
non-overlapped gate groups, and thus the value may be
used to see the optimality of finding a good qubit layout
in some sense. The third and the fifth columns report the
depth of the circuits by the two methods. The column
“Parallel” means how many gates can be done parallelly
on average. The last column shows how much our method
is better than the previous method in terms of the depth.
Our method can improve the depth in all the cases.


